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Abstract—A software package for simulating the dynamics of semiconductor superlattices under the
influence of an external magnetic field is developed. The analytical and numerical models on which
the program package is based are described in detail in the paper. The approbation of the developed
package shows that it can be effectively used to study the dynamics of semiconductor superlattices,
including the optimization of the generation characteristics of subterahertz and terahertz devices.
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1. INTRODUCTION
Mastering the terahertz range of frequencies is a new direction in contemporary radiophysics, electronics,

and photonics, which is being actively developed. The urgency and interest in promoting semiconductor elec-
tronic devices of the microwave range to areas of higher frequencies are due to the following circumstance (see
[1, 2]): currently, the terahertz range (especially between 0.3 THz and 3 THz) is one of the least mastered ranges
in electronics and quantum radiophysics. Located outside the operating limits of traditional microwave and
optic devices, it belongs to the so-called terahertz gap (see [3]). Nowadays, terahertz technologies are especially
important for developing the terahertz-range spectroscopy, wireless high-frequency data-communication
devices, systems of radio-wave imaging and security, etc. (see [2, 4–6]).

A semiconductor superlattice, which is a structure consisting of alternating layers of several layers (usu-
ally, two layers) of semiconductor materials with different widths of the prohibited zone (see [7–9]), is a
promising nanoelectronic semiconductor device able to generate subterahertz and terahertz waves in a
wide range of operational temperatures, including room temperature. Applying an electric field to such a
periodic nanostructure, we observes the formation of moving charge domains whose frequency factor var-
ies from dozens of THz to hundreds of THz and depends on the physical parameters of the structure and
various external parameters, such as the contact parameters and the applied magnetic field (see [10, 11]).
This provides a possibility to use superlattices as the domain transport in the generators and amplifiers of
the subterahertz and terahertz ranges (see [12, 13]).

Since a semiconductor superlattice is an active nonlinear medium that allows various oscillation modes
depending on many control parameters to be implemented in it, it follows that numeric simulations and
experimental investigations are needed to study the characteristics of semiconductor superlattices in detail
and optimize them. However, it is hard and expensive to grow experimental samples of nanostructures.
This explains the interest in the numeric simulation of the dynamics of the spatial charge in a semicon-
ductor superlattice and the prediction of the characteristics for the generation and amplification of signals
depending on the physical parameters of the nanostructure (e.g., the minizone width) and external
parameters such as the temperature, resistance of the contacts, and the external oscillating system. In
practice, it is especially important to simulate the charge transport in the investigated nanostructure under
the influence of an external tilted magnetic field (see [14]) because this field is able to deeply affect its
behavior, increasing the frequency and power of the generated oscillations (see [15, 16]).

Thus, there is interest in creating a software package aimed at numerically simulating the spatial-tem-
poral dynamics of the charge in a semiconductor superlattice under the influence of an external electric
field and a tilted magnetic field. The most universal approach to simulate the charge transportation in a
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semiconductor superlattice is the so-called semiclassical approach (see [17, 18]) based on the assumption
that the tunnel effect between minizones (the Landau−Zener tunnel effect) can be disregarded and,
therefore, it suffices to consider the transport of electrons only in the first minizone. Such an approach
can be implemented by the self-consistent model consisting of continuity equations and Poisson equa-
tions, where the dependence of the drift velocity of the charge carriers is computed by the approach pro-
posed by Esaki and Tsu (see [8, 19, 20]). Such a mathematical model does not require much computa-
tional capacity, but it is consistent with the experimental results of the study of superlattices. The software
package described in the present paper is based on this mathematical model.

2. MATHEMATICAL MODEL
2.1. Semiconductor superlattices: the investigated model. The investigated model of a semiconductor

superlattice is displayed in Fig. 1a. We consider a superlattice with length L and cross-section area A, con-
sisting of alternating layers of two semiconductors with different widths of the prohibited zone (for the
specified figure, GaAs and AlGaAs are selected as examples). For such a structure, the electron potential
can be described by the periodic one-dimensional model of rectangular wells and barriers called the Kro-
nig–Penney model (see Fig. 1b). In this model, the wave functions of the electrons in the two neighboring
wells overlap each other and the system of energy levels of the atoms is transformed to a system of energy
minizones (the width of the minizone depends on the width of the barrier) such that the electrons inside
the minizones can freely tunnel and move along the direction orthogonal to the layers (see [17]). For sim-
plicity, only the first minizone Δ is displayed at Fig. 1b; the electron transport is considered within it. We
restrict our consideration to the case where the minizone width exceeds 10 mev, which implies that the
electron transport in the nanostructure is provided mainly by the minizone tunnel effect; such structures
are called tightly bound superlattices (see [18]). The coordinate axes illustrate the orientation of the mag-
netic induction vector B lying in the plane x–z and inclined at angle θ with respect to axis x. The direction
of vector F of the electric field strength is opposite to the direction of the coordinate axis x. A constant
voltage V is applied to the contacts of the superlattice. Once the voltage V exceeds the threshold value
(coinciding with the beginning of the Bloch oscillations), domains of a high concentration of the charge
arise in the nanostructure and move from the emitter of the superlattice to its collector.

2.2. Charge transport in semiconductor superlattices: mathematical model. To simulate the charge dynam-
ics in a nanostructure, we use the self-consistent system of the continuity equations and the Poisson equa-
tion. Denote the electron concentration by , where  is the longitudinal coordinate in the superlat-
tice and  is the time, and denote the value of the electric field strength by . Then the evolution of
the charge density is described by the continuity equation

(1)

where  is the density of the current elapsing through the cross section of the superlattice, and 
is the electron charge. In the drift approximation, the current density  can be found by the relation

(2)
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Fig. 1. Layers of semiconductor superlattice (a) and scheme of zone structure (b).
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where  describes the drift electron velocity for the value  of the electric field strength (see
[19]). Note that the external tilted magnetic field  is not explicitly included in the equations describing
the dynamics of the charge domains, but it substantially affects the character of the dependence of the drift
velocity on the electric field strength . Hence, it also affects the dynamical modes of the semicon-
ductor superlattice (see [18–20]). If a magnetic field exists, then the dependence of the drift velocity on
the electric field strength cannot be found analytically [21]. For the case where  tesla, the depen-
dence of the drift velocity  can be analytically represented as follows (see [22]):

(3)

where  is the frequency of the Bloch oscillations.

The Poisson equation

(4)

where  describes the equilibrium concentration of electrons determined by the alloying level, while 
and  denote the electric constant and the relative dielectric constant of the material respectively, is
solved self-consistently and simultaneously with Eq. (1). To simulate processes in the superlattice prop-
erly, one has to take into account the processes taking place at the boundaries of the semiconductor nano-
structure. This means that the influence of the contacts has to be taken into account. If ohmic contacts
on the emitter and collector of the superlattice are assumed, then the density  of the current through the
emitter is determined by the conductivity  of the contact , while the electric field
strength  can be found from the Kirchhoff equation

(5)

where  is the voltage applied to the superlattice, while  describes the voltage drop on the contacts (see
[17]). If  is the area of the contact, then the density of the current through the superlattice can be
expressed via the current density distribution  in the superlattice:

(6)

which can be easily measured in a physical experiment.
2.3. Computation of drift velocity of electrons in an external tilted magnetic field. To find the drift velocity

of a particular electron under the effect of electric and magnetic fields, we use the configuration displayed
in Fig. 1a. For this configuration, it is assumed that the main axis of the lattice, i.e., the axis such that the
layers of semiconductor materials are drawn along it, coincides with the coordinate axis , vector

 of the magnetic field lies in the plane , and its angle with the axis  is . The
electric field  is applied along the semiconductor superlattice and its direction is opposite to
the direction of the axis .

Inside any potential well, the potential energy has a minimum providing the localization of the elec-
trons in the first energy minizone and decreasing the probability of the tunnel effect between zones (see
[23]). In the semiclassical approach, the motion equation for a particular electron has the following form
inside this energy minizone:  where  is the impulse
of the electron at time  and  is the dispersion characteristic of the electron in the lower energy mini-
zone provided that the superlattice is tightly bound; i.e., the width of the minizone exceeds 10 mev (see
[19]); this dispersion characteristic has the form

(7)
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In relation (7), Δ is the width of the energy minizone,  is the period of the semiconductor superlattice,
and  is the efficient electron mass. Equation (7) can be represented by the following equations for the
impulse components (see [19]):

(8)

(9)

(10)

where  and  =  are the cyclotron frequencies corresponding to compo-
nents  and  of the magnetic field. The velocity of the electron along direction  is determined by the
relation

(11)

its greatest value is . To find the drift velocity  of a particular electron with an initial
impulse , the approach proposed by Esaki an Tsu (see [8, 20]) is used:

(12)

where τ is the scattering time for electrons, including both elastic and inelastic scattering (see [17]).
As noted above, to approximate strong links, it is important to consider the electron transport only in

the lower minizone of the superlattice: this simplifies the simulation of processes in semiconductor super-
lattices in the described model. Additionally, it is assumed that the Landau−Zener tunnel effect between
minizones can be disregarded and the equilibrium concentration of the carriers is the same for all super-
lattice layers provided that there is no field. Note that such approximations are broadly used to simulate
the charge transportation in semiconductor structures and they describe experimental results well (see,
e.g., [11, 24, 25]).

3. SELF-CONSISTENT NUMERICAL MODELS OF SUPERLATTICES
The numerical model for the investigation of the dynamics of a semiconductor superlattice under the

effect of an external magnetic field is created by the mathematical model described in Section 2.
To create the numerical model, we have to reduce all the main equations to a dimensionless form. In

such a case, the collective dynamics of the charge carriers in a semiconductor superlattice are described
by the following self-consistent system of differential equations, including the dimensionless continuity
equation describing the time variation of the electron concentration and the dimensionless Poisson equa-
tion describing the distribution of the electric field along the superlattice:

(13)
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where  characterizes the greatest electron velocity in the minizone, while 
is proportional to the equilibrium charge concentration. In those equations, variables with dimensions are
primed (e.g., , , and ), while the dimensionless ones are not (e.g., , , and ). To pass to dimension-
less variables, we use the relations

(15)

where  is the electron charge and  corresponds to the value of the electric field strength such that
the period of the Bloch oscillations coincides with the scattering time and is used to normalize the electric
field. The parameter  corresponds to the greatest possible value of the dimensionless drift

d

*m

( ) ( ),x yp t eF p t⊥= − ω�

P
( )*( ) sin ( ),

2
x

y z

p t dd m
p t p t⊥Δ ω ⎛ ⎞= − ω⎜ ⎟

⎝ ⎠
�

� �

P( ) ( ),z yp t p t= ω�

P cos *eB mω = θ ⊥ω sin *eB mθ
xB zB x

0
( )( ) ( ) sin ,x

x

p t d
t x t

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

v v�
�

0 (2 )d= Δv � dv

0 0 0 0( , , )x y zp p p=P

0

1( ) ( )exp( ) ,d x t t dt

∞

= − τ
τ ∫0Pv v

,n J

t x

∂ ∂= −β
∂ ∂

( 1),F
n

x

∂ = ν −
∂

0
' ' 'Lβ = τv 0

' '' ( )D c reL n Fν = ε ε

'n 'x 't n x t

0
' ' ' '' ' , ' ' , ' , ' ( ), ' , ( ' '),D D c cx x L t t n n n J J en F F F F ed= = τ = = = = τv �

> 0e '
cF

0 ' ' (2 )d= Δv �



MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 9  No. 3  2017

MODEL AND SOFTWARE PACKAGE FOR STUDYING 363

velocity. The parameters  and  characterize the scattering of electrons and
depend on the elastic scattering time  and inelastic scattering time .

System (13) and (14) is solved with respect to the dimensionless variables  and , where
 is the dimensionless volume density of charge carriers,  is the distribution of the electric field,
 is the density of the current through the superlattice, and  and  are the dimensionless coordinate

and time. In the drift approximation for low temperatures , the distribution of the current density is
computed as follows:  To find the dependence of the drift velocity  for particular
parameters of the external magnetic field, we numerically integrate Eq. (12).

Suppose that the emitter and collector have ohmic contacts and the density of the current 
through the emitter is determined by the contact conductivity. Then, due to Ohm’s law, we have the
boundary-value condition  where  corresponds to the dimension-
less electric conductivity of the emitter, related to the dimensional quantity . The dimensionless value
of the voltage drop on the superlattice  can be found from the condition

(16)

where  is the length of the system.
In order to numerically integrate the above system of equations, we decompose the superlattice into a

sufficiently large number  of narrow layers with width . In each th layer, the concentration  of
electrons is assumed to be constant. Denote the concentration of electrons in the th layer by . Then
the equation describing the evolution of the charge density in the th layer can be represented (see [26])
as the following discrete analog of the continuous equation (13):

(17)

where  and  are the densities of the current through the upper and lower boundary of the th layer,
respectively. The current density  is defined as  where  describes the drift electron
velocity depending on the value of the electric field  in the th layer. For any  the following discrete
representation of the Poisson equation is valid for the th layer:

(18)
In this finite-difference model, the voltage drop on the superlattice is defined with the help of relation

(16), where the integral is changed for summation over all  layers of the digitized model:

(19)

According to [17], the intensity (in dimensional quantities) of the current through the superlattice can
be found as follows:

(20)

where  is the area of the cross section of the semiconductor superlattice.

4. SOFTWARE PACKAGE: DESCRIPTION
The developed software package aimed at simulating nonstationary nonlinear processes in semicon-

ductor superlattices numerically is based on the mathematical model described above and the numerical
model developed based on it. Note that the developed software package provides the possibility to analyze
physical processes and optimize the characteristics of the generation of devices based on superlattices.

The functional scheme of subroutine interaction is displayed in Fig. 2. The simulation program for
superlattice processes includes the INPUT subroutine aimed at assigning exact physical parameters of the
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investigated nanostructure, including its period, the length and width of the minizone, and the parameters
of the external magnetic field (the induction and tilt angle), as well as the main parameters of the numer-
ical scheme. To analyze the behavior of a semiconductor superlattice in a given range of parameter values,
we can use this subroutine to assign the time of the transition process, the desired digitization of the
recorded time series, and the time range to record the spatial-temporal distributions of the charge concen-
tration, current density, and field density in the layers of the nanostructure. The next step (1) is to invoke
the MAIN subroutine launching the subroutines computing the charge dynamics in the superlattice
according to the model described in Sections 2 and 3. This subroutine changes the control parameter (e.g.,
the supply voltage or the parameters of the external magnetic field). Completing the computation of the
temporal realization (for any value of the control parameter), the MAIN subroutine records the oscillation
power and the mean value of the current generated by the superlattice in a file: this is enough to recon-
struct the current–voltage characteristic of the simulated sample.

It takes significant resources to solve the above numerical model. Therefore, it is efficient to use depen-
dence of the drift velocity on the electric field strength, found during the computation of the current inten-
sity in any layer of the superlattice. To do this, the DRIFT_VELOCITY subroutine (2) is invoked: it com-
putes the drift electron velocity in a wide range of values of the electric field strength provided that the
parameters of the external magnetic field are given. In the sequel, the drift electron velocity is found by
means interpolating the tabulated dependence. In the next step (3), the SL_INIT subroutine presets all
variables, defines the initial charge and field distribution in nanostructure layers , and open files to record
the realizations.

The numerical simulation used to compute the spatial-temporal charge dynamics in the superlattice
layers is implemented in the SL_CONTINUITY subroutine and POISSON subroutine: they compute the
change of the concentration of electrons (4) and of the field strength (5) in any layer of the nanostructure,
taking into account the previous state and the applied feed voltage. The resulting current generated by the
superlattice is computed by the SL_CURRENT subroutine (6). Then the SL_OUTPUT subroutine (7)
records the found valued of the current, as well as the spatial-temporal distributions of the charge concen-
tration in the superlattice levels in a file. Then either the next iteration (8) is launched or the control is
forwarded to the FINALIZATION subroutine (9) cleaning all arrays containing information about the pre-
vious state of the system and closing the recorded files. Then the MAIN subroutine either changes the
value of the control parameter and launches the computation of a new realization or completes the work
of the program.

5. DYNAMICS OF SEMICONDUCTOR SUPERLATTICES: SIMULATION RESULTS
We briefly provide several important simulation results for processes in semiconductor superlattices.

The real semiconductor superlattice investigated in [11, 24, 25] is taken as a base model to estimate the
physical parameters. The following dimensional parameters of the main physical values describing the
system correspond to that nanostructure:  bicrons is the superlattice period,  bicrons is

its length,  is the cross-section area,  = 19.1 mev is the minizone width,  m–

3 is the equilibrium concentration of the electrons determined by the alloying level, , where

' 8.3d = ' 115.2L =
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* 0.067 em m=

Fig. 2. Functional interaction scheme for subroutines of software package.
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 is the mass of a free electron,  V/m is the value of the electric field, corresponding to
the greatest dependence of the drift velocity, and  and  are the electric constant and the relative
dielectric constant of the material, respectively.

For this paper, the following parameters of the finite-difference scheme are selected:  and
. For these values, the numerical scheme is stable and provides the necessary computation

precision.

5.1. Semiconductor superlattices: spatial-temporal charge dynamics and current oscillation spectral distri-
butions. To understand processes in semiconductor nanostructures, the temporal dynamics of electron
domains in its layers presents the primary interest. Figure 3a displays a typical spatial-temporal distribu-
tion for the charge concentration in a superlattice in the generation mode (V = 610 mV) for the absence of
a magnetic field. The charge domain arises near the emitter (x = 0) of the nanostructure and the domain
concentration of electrons is low. The charge domain concentration sharply increases (from 10 to
50 bicrons) during the movement along the superlattice. Then the velocity goes down (60 bicrons) and
slightly increases afterwards (from 60 to 115 bicrons). The domain output is followed by a sharp jump of
the current value on the temporal realization (see Fig. 3b), which causes the presence of clear higher har-
monics in the spectrum of oscillations (see Fig. 3c) such that their power is comparable with the power of
the fundamental generation frequency (f0 = 13.7 GHz) achieving values from 200 to 300 GHz. Thus, a
semiconductor can be used to generate the electromagnetic emission from the sub-terahertz and terahertz
ranges.

5.2. Absorption and impedance of semiconductor superlattices. From a practical viewpoint, it is important
to investigate the high-frequency superlattice impedance because this allows us to analyze the superlattice
behavior in various electronic schemes and devices including a superlattice generating or amplifying high-
frequency signals. It is also important to investigate the absorption value to estimate the absorption of the
electromagnetic power and to find domains where the external signals are amplified by the nanostructure.

em
5' 3.1725 10cF = ×
0ε 12.5rε =

480N =
45 10t

−Δ = ×

Fig. 3. Spatial-temporal charge dynamics in layers of superlattice (a), temporal current realization (b), and their oscilla-
tion spectrum (c) assuming that feed voltage of superlattice is 610 mV and B = 0 T.
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In our case, we consider the dynamics of a semiconductor superlattice such that there are no external
magnetic fields; however, an external periodic signal is applied to the superlattice. To simulate the external
periodic signal affecting the nanostructure, the external alternating voltage , where

 and  are the amplitude and frequency of the external signal, respectively, is added to the constant
voltage applied to the superlattice. The approach developed in [27] is used to compute the high-frequency
impedance. The absorption of the external signal is computed according to [28].

It is found that synchronization with the external periodic signal leads to a substantial increase of its
absorption A (see Fig. 4a), while the behavior of the impedance amplitude Z is the opposite. Also, a strong
jump of the impedance amplitude takes place on the boundary of the first synchronization hook and
weaker jumps take place in other synchronization regions. Note that the absorption takes negative values
for low frequencies (below 9 GHz), which means that the superlattice can be used as an amplifier of the
electromagnetic emission (in this frequency range). In [27], it is shown that the impedance phase ϕz (see
Fig. 4b) varies (within the synchronization region) between 0 and π/n, where n is the number of the syn-
chronization hook. In the asynchronous mode, the phase between synchronization hooks is approxi-
mately constant. The found effects can be used to diagnose synchronous modes, while the superlattice is
working in the terahertz range and it is hard to execute direct measurements. In particular, it is possible to
check whether a synchronous mode is established, detecting a sharp change of the impedance amplitude
(this is easily measured in experiments using circuit analyzers) or an increase of the absorption value of
the external electromagnetic emission.

5.3. Semiconductor superlattices: dynamics under the action of external magnetic fields. Simulating the
influence of external magnetic fields on the superlattice charge dynamics, it is interesting (from the prac-
tical viewpoint) to investigate the dependence of power generation on the tilt of the external magnetic
field. Figure 5 displays the two-parametric dependence of the current oscillation power generated by the
nanostructure on the feed voltage and tilt of the external magnetic field. It is easy to see that the oscillation
power depends significantly on the magnetic field tilt. Moreover, there exists an optimum angle θ between
60° and 75° resulting in the power more than tripling compared to the autonomous case (the absence of
an external magnetic field is equivalent to the case where θ = 0°). At the same time, the power generation
decreases if the applied voltage increases. Note that, in the autonomous case, the oscillation power of the
superlattice current increases if the feed voltage increases, which means that the dynamics of the electron
domains are substantially modified once an external magnetic field is applied.

ext( ) cos(2 )m eV t V f t= π
mV ef

Fig. 4. Dependence of (а) absorption (dotted curve) and amplitude (dense curve) and (b) phase of high-frequency imped-
ance on frequency of external action. Constant voltage 610 mV applied to superlattice, amplitude Vm of external signal is
60 mV, and B = 0 T. Synchronization regions are marked in gray.
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6. CONCLUSIONS
A software package able to simulate nonstationary processes numerically and optimize the generation

characteristics of semiconductor superlattices under the effect of electric and magnetic fields is designed.
A number of numerical experiments are executed. The results of these experiments show that the designed
package is an efficient tool for studying processes in semiconductor nanostructures and designing devices
based on such nanostructures.
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