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Abstract. Time scale synchronization in networks of chaotic microwave
oscillators with the different topologies of the links between nodes has
been studied. As a node element of the network the one-dimensional
distributed model of the low-voltage vircator has been used. To charac-
terize the degree of synchronization in the whole network the synchro-
nization index has been introduced. The transition to the synchronous
regime is shown to take place via cluster time scale synchronization.
Meanwhile, the spectral structure of the output signals is complicated
sufficiently which allows using such devices in a number of practical
applications.

1 Introduction

Chaotic synchronization is one of the fundamental phenomena, widely studied re-
cently, having both the theoretical and applied significance [1-3]. For example, chaotic
synchronization can be used for the secure information transmission [4-6] and control
of chaotic systems [7-9]. One of the promising fields of the use of synchronization
phenomena is generation, receiving and processing of GHz—THz complex signals by
means of the nonlinear antenna technology [10]. Nonlinear antennas are inherently
nonlinear dynamic systems consisting of the set of coupled microwave generators
with complex dynamics, for example, solid state devices or beam-plasma systems
[11-15]. Tt is well-known that such coupled systems can demonstrate a number of
unusual nonlinear phenomena [16-20], therefore there is a need of developing novel
approaches and techniques for the analysis and control of cooperative dynamics
(including chaotic synchronization) of coupled microwave oscillators for the active
antenna design [8,21-23].

At present, several different types of chaotic synchronization are known such
as complete and lag—synchronization [24,25], phase synchronization [3,26], general-
ized synchronization [27,28], time-scale synchronization [29,30] and others. Various
methods of analysis should be used to detect different synchronization regimes in
coupled systems and complex networks, and different measures of synchronization
have been proposed for the quantitative characteristics of the synchronous regime
onset [29,31-35].
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Fig. 1. (a) Schematic diagram of low-voltage vircator used as element of nonlinear antenna
and (b) the normalized output power (curve 1, scale on LH axis) and basic frequency (curve 2,
scale on RH axis) versus breaking potential Ag of autonomous vircator for v = 0.9. Details
of the vircator scheme: 1 — electron gun; 2 — modulation space; 3 — interaction space; 4 —
cathode; 5 — anode; 6 — collector; 7 — input grid; 8 — output grid; 9 — modulating helix line
section; 10 — output transmission line.

Typically, the majority of works devoted to the cooperative dynamics and different
types of synchronization in complex networks deal with the node elements charac-
terized by a small number of degrees of freedom [36-39], although the networks of
the spatiotemporal systems became the object of interest in the past years (e.g.,
spatiotemporal networks have been studied in application to chemical reactions [40]
and Pierce plasma diodes [41] recently). In this paper we extend the study of syn-
chronization phenomena in the complex networks to the case of spatially extended
coupled chaotic systems with the different topology of links between nodes. We pro-
pose the index of time scale synchronization in the network of complex oscillators
for the quantitative characteristic of synchronous cluster formation. As such element
of the network we consider the distributed model of new perspective device of mi-
crowave electronics called the low-voltage vircator demonstrating different nonlinear
phenomena including chaotic microwave generation [42-46].

2 General formalism

Low-voltage vircator is a plane diode gap being penetrated by the electron beam with
the overcritical perveance in the diode range [42]. To form the overcritical perveance
the output grid of the system is subjected to the retardant potential the increase of
which results in the virtual cathode (VC) (i.e., the potential barrier reflecting the
part of electrons backwards to the injection plane) formation in the electron beam
[47-51].

The considered model of vircator is shown schematically in Fig. 1(a). The system
consists of electron source 1, section 2 of the pre-modulation of the electron beam,
interaction space 3 with retarding potential where VC is formed in the electron beam,
and collector 6.

The single velocity electron beam with current Iy formed by the electron gun1
with cathode 4 and anode 5 enters the area of the pre-modulating helix system 2. In
this space, the electron beam is affected by the output signals of other vircators of the
network. The external signal leads to the velocity modulation of electron beam passed
through Sect. 2. The beam then emerges in the interaction space3 of vircator. VC
oscillations were registered with the help of the section of the broadband transmission
line 10 loaded on the one hand onto absorptive insert and onto the power output on
the other. The potential of the input grid electrode 7 is equal to the anode potential,
Vo, and the potential of the output grid 8 V;, = Vi — AV varies from value V,,/Vy = 1
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(AV = 0, without braking) to V;,/Vy = —1 (AV = 2V}, the braking voltage exceeds
the accelerated one). Under effect of the braking field, a non-stationary VC is formed
in the electron beam of the low-voltage vircator; the form and power of its oscillations
essentially depend on the value of the braking potential, Vj, and beam current, I.

To simulate the nonlinear non-stationary processes in the charged particle beam
with VC we use the non-stationary one-dimensional model of beam dynamics based on
the self-contained system of motion equations (for the dynamics of charged particles
of the beam) and Poisson equation for the field of space charge [52].

In the equations describing the electron beam dynamics the following dimension-
less values are used: potential ¢, intensity E of field of the space charge, space charge
density p, charged particles velocity v, space coordinate x, and time ¢

' v’ Vo I Ly U
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xT I v Yo I 14 0 ’US ® Ug ¥ ( )

Here, stressed values correspond to the dimensional values, n = e/m, is the specific
charge of electron, vg = v/2nVp and pg are static (non-perturbed) velocity and density
of electron beam at the input of the modulator, L is the drift space length. To estimate
the dimension parameters of microwave generation we have considered the low-voltage
vircator with the following values of basic control parameters: beam current Ip = 1.2 A
and voltage Vy = 10kV, the length of interaction space L = 25 mm.

The numerical modelling of the non-stationary processes was realized with the
help of the particle-in-cell (PIC) method [52]. The electron beam is considered as a
set of large particles. In dimensionless variables the non-relativistic motion equation
for each particle is given by:

d2xi
dt?

where z; is the coordinate of i*" charged particle, E(x;) is the space-charge field
intensity in the coordinate x;.

The calculation of the electron beam density has been performed by PIC-method
which consists in the following. To find the space charge the bilinear weighing [52] of
the particle charge on grid has been performed. Then the space charge density in the
cell j of the space grid, i.e., in x; = jAz is given by

= —E (i), (2)
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where G is the full number of particles, ng is the numerical scheme parameter which
is equal to the number of particles being in the unperturbed state in cell, © is the
piecewise linear function defined by the procedure of “weighing” of particle in the
space grid with the step Ax.

The intensity and potential of the space-charge field are defined on the uniform
space grid with the step Az. The space-charge field potential is determined by Poisson
equation [52] which in 1D approximation takes a form

d?p

T2 a’p(z), (4)
where a = w, L /vy is the Pierce parameter which is proportional to the square root of
the beam current, a ~ /T [50] (w,, is the plasma frequency). The boundary condition

for Poisson equation is the requirement of the presence of the retardant potential
difference between grids of the system, i.e. p(21) = 1, p(z3) = 1 — Agp (see Fig. 1(a)).
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The intensity of the space-charge field E is defined in such case by the numerical
differentiation of the obtained values of the potential E = —d¢/0x.

The pre-modulating and output helix lines have been simulated using the inter-
active beam-circuit method [53]. According to this method, the transmission line has
been described by the equations of telegraphy with the additional term defining the
excitation of the electromagnetic waves by the beam

81172 - 1 8U1,2 8U172 - 1 8[172 1 ap (5)
ot L oz’ ot  C oz Cot’
where Uy o(z,t) is the voltage and I »(x,t) is the current in pre-modulation (1) and
output (2) transmission line sections, dp/dt is beam charge variation. The equations
of telegraphy have been solved numerically on the assumption of the feed line condi-
tioning on the left z = 1 and right £ = x5 edges of the transmission line.

In such model the output signal of vircator is Uyyt(t) = Uz(xz = x2,t), and the
input external signal affected vircator is described as Uy (x = xg,t) = Uy, () where in
our case Uy () can be the sum of the output signals of other vircators of the network.

For example, Fig. 1(b) illustrates the output microwave power P =

e fOT UZ,.@#)dt (R is a loaded resistance) and the basic frequency of the output
signal of the autonomous vircator with a = 0.9 (that corresponds to the basic control
parameter values mentioned above). One can see that the output power and frequency
are essentially depended on the braking potential Ae.

To analyze the time scale synchronization regime in the network of coupled low-
voltage vircators we have made the numerical simulation of Eqgs. (2)—(5) for each
element of the network. The coupling between them has been realized by the assign-
ment of the following boundary conditions for each element of the network

N
Uini(x:0,t) :Ezcionutj<t_7-)a (6)

j=1

where ¢ is the number of elements of the network, IV is the number of elements in
the feedback loop, € is the coupling parameter defining the level of power getting
in the communication line between generators, 7 is the delay in the communication
circuit between generators (it has been supposed to be equal to 7 = 0.01 for all
communication lines), Usys j(¢) are the high-frequency oscillations from the output of
4" generator of the network.

Coefficients c;; of the coupling matrix define the topology of the network of
the coupled low-voltage vircators. If generator ¢ influences generator j, the value
of ¢;; = 1. If generator ¢ does not interact with the element j, ¢;; = 0. It should be
noted that the values of coeflicients c;; define only the fact of the presence of cou-
pling between elements, whereas the strength of it is determined by the parameter €.
Furthermore, the elements of the network are not assumed to influence on each other,
i.e. all elements on the main diagonal are equal to zero (Vi : ¢;; = 0).

3 Time scale synchronization

The time scale synchronization regime [29] means the presence of the synchronous
dynamics in a certain range [s1; s2| of time scales s introduced by means of continuous
wavelet transform [54,55]

+oo

W(s,ty) = - / ()" (tto) dt, (7)
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Fig. 2. Topologies of the networks under study. (a) The simply ordered chain, (b) the
random network.

with Morlet complex mother wavelet function ¢ (n) = (1/¢/7) exp(j§Q0on) exp (—n%/2),
Qo = 27. Using the complex wavelet basis we can characterize each of time scales by
the phase ¢(s,t) = arg W (s,t), where W(s,t) is the complex wavelet surface given
by (7). The efficiency of the Morlet wavelet function for the introduction of phases of
the time series of different nature (biological and electromagnetic signals) has been
confirmed in the earlier studies [29,30,56-58]. For two coupled chaotic systems x1 2(t)
time scale synchronization takes place, if there is the range of the synchronous time
scales s € [s1; s2] where the phase locking condition

‘¢1(87t) - ¢2(8at)| < 27‘[’ (8)

is satisfied, and the part of the wavelet spectrum energy fallen on this range is not
equal to zero Egpp, = f:f(\W(s,t)F) ds > 0[7,30,59].

4 Time scale synchronization in complex networks

Let us consider two different topologies of the networks of considered microwave
oscillators. First of them corresponds to the simply ordered N = 10 chain of coupled
generators whereas the second one is a random network of N = 20 elements, with
low-voltage vircators being in their nodes. Figure 2 illustrates the topologies of the
networks mentioned above. The first type of topology (i.e., the regular network) is
typical for the active nonlinear antennas and phased arrays [10,11,15]. At the same
time, the research focused on the study of networks of microwave oscillators with the
random topology of links have not been conducted. We can expect the new effects in
the collective dynamics of such random network in the microwave range. The number
of their elements (N = 10 or N = 20) corresponds to the number of possible elements
in real devices, e.g. used in the construction of the nonlinear active antennas [10] or
the phased array of vircators [14,15,60]. Such number of elements allows effectively
analyzing such networks of the spatially extended systems by means of the particle-
in-cell method.

To analyze the time scale synchronization regime in the networks of the low-voltage
vircators we have introduced the phases of output chaotic signals for each vircator on
chosen time scale s (for the used Morlet wavelet the time scale s is connected with
the frequency of oscillations as f = 1/s) and we have computed the phase differences
for each pair (¢,7) of the coupled generators in the network of N elements:

Two elements of the network are synchronized on time scale s if the phase difference
A¢si;(t) obeys Eq. (8), i.e. it is a time-limited function.
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Fig. 3. (a) Dependencies of the synchronization index os on the coupling parameter &
for the simply ordered chain of N = 10 low-voltage vircators with slightly (curve 1) and
strongly (curve 2) detuned control parameter values. (b-e) Power spectra of output signals
of first (b,d) and seventh (c,e) low-voltage vircators for the different values of the coupling
parameter, i.e. £ =0 (b,c), e = 0.2 (d,e).

To characterize the degree of the synchronous state of the network quantitatively
we have proposed to consider the time scale synchronization index, o, on the chosen
time scale for all network. Such index is similar to the last one proposed in [31] for
two coupled systems and is given by

1 N
Y

o
1j=i+1

N
Sijo (10)

where

(11)

Jsij =

T

1

T /exp [\/—lAd)sij(t)] dt , Cij = 1 \/Cji = 1,
0

0, CijZO/\CjiZO,

N, is the number of pairs of coupled elements in the network (for which ¢;; =1 or
cji = 1), T is the time of calculation. It is clear that oy can take the values being
in the range from 0 to 1, with the limiting case o5 = 0 being corresponded to the
asynchronous time scale (i.e. all phase differences A¢,; ;(t) are distributed randomly
on the (0, 27]-interval [32]), whereas the extreme case o, = 1 being related to the case
of synchronization of all elements of the network on the given time scale, s, when all
phase differences obey relation (8). The intermediate values of synchronization index
0 < o5 < 1 correspond to the regimes of the formation of synchronous clusters in
the network, when only part M of coupled elements of the network demonstrates the
synchronous dynamics (i.e. the so-called synchronous cluster) whereas for all other
N — M coupled elements the synchronous state does not exist. Therefore, the growth
of oy means that the network transits step-by-step to the synchronous dynamics
through the increase of the number of elements in the synchronous cluster.

Let us describe the results obtained for the chosen topologies of the networks.
We start our consideration with the simply ordered chain of low-voltage vircators
(Fig. 2(a)). In Fig. 3(a) the dependencies of the synchronization index on the cou-
pling parameter € for such network and different values of the control parameters
have been shown. Curve I corresponds to the case when the control parameter values
for elements 1 — 5 and 6 — 10 are detuned slightly among themselves (i.e. & = 0.9
for all elements, Ay = (0.37;0.43;0.40; 0.39;0.42;0.55; 0.53;0.52; 0.51;0.57)) form-
ing ipso facto two different clusters with closed values of the control parameters,
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whereas curve 2 relates to the case of the strongly mismatched generators inside the
second cluster (o = 0.9, Ap = (0.37;0.43;0.40; 0.39; 0.42; 0.55; 0.6; 0.45; 0.36; 0.57)).

For the selected values of the control parameters the autonomous low-voltage
vircators demonstrate chaotic dynamics with the power spectra of oscillations of their
space charge potentials being different according to the control parameter values (see,
e.g. Figs. 3(b), (c) where the power spectra for the first and seventh elements of the
slightly detuned chain in the absence of coupling have been shown). With the coupling
parameter value increase the spectral structure of the signals changes remarkably and
for € = 0.2 their power spectra contain only one well-pronounced spectral component
on the frequency f = 0.78 GHz (see, Figs. 3(d), (e)). Therefore, the synchronous
regime has been analyzed only on the time scale s = 1/f = 1.282 ns corresponding to
the main frequency of oscillations and the synchronization indices o4 shown in Fig. 3
correspond just to that time scale.

Analysis of the dependencies of o on the coupling parameter ¢ allows claiming
that in the simply ordered chain of low-voltage vircators the step junction to the
synchronous regime has been observed. It is connected with the fact that elements 1—5
become synchronized considerably early than elements 6 — 10 forming synchronous
cluster in which all elements are synchronized with each other. At the same time,
elements 6 — 10 with unidirectional coupling enter in synchronism for the greater
values of the coupling parameter strength e. Indeed, it is clearly seen from Fig. 3(a)
that in both considered cases the sharp increase of o, value up to o, =~ 0.5 has been
observed. With the further increase of the coupling parameter microwave oscillators
6 — 10 become synchronized step-by-step that is revealed by the appearance of the
plateaux on the dependencies of the time scale synchronization index of the network
on the coupling parameter which are clearly seen especially in curve I, Fig. 3(a).
It is also clear that the time scale synchronization index is greater in the case of
slightly mismatched parameters in the second cluster in comparison with the case of
strongly detuned ones. Slightly mistuned generators are more easily synchronizable,
which allows achieving synchronization of the whole network for the less values of the
coupling strength between elements of the network.

Let us consider now a more interesting case of the network of N = 20 coupled low-
voltage vircators, notably random network shown in Fig. 2(b). The control parameter
values for the generators being in the nodes of the network have been selected in
such a way that Pierce parameters o have been fixed for all elements of the network
(o = 0.9) whereas the retardant potentials Ay have been chosen arbitrary in the range
Agp € [0.4;0.46] with the variance 0.0186 to be slightly mistuned. Selected range of
the retardant potential values is marked by grey rectangle in the dependence of the
output power of the autonomous low-voltage vircator on the value of Ay (see Fig. 1).
It corresponds to the greatest values of the output power of the low-voltage vircator.
At the same time, in this range vircators demonstrate the microwave oscillations with
a lower frequency.

Figure 4(a) illustrates the dynamics of the time scale synchronization index for
such network on the different time scales (the frequencies of the observation) with
the increase of the coupling parameter value e. It is clearly seen that in several cases
the system demonstrates the gradual transition from the asynchronous dynamics
to the time scale scale synchronization regime in the whole network.

The values of the frequencies of observation have been selected in the compli-
ance with the spectral structure of the output signals. Figures 4(b)—(e) illustrates
the evolution of the power spectra of the fifth low-voltage vircator of the network
with the coupling parameter value increase. If the coupling strength is small enough
(e = 0.15) the power spectrum contains only one well-defined spectral component on
the frequency f = 0.752 GHz (see Fig. 4(b)). The growth of the coupling parameter
results in the essential complication of the spectral structure of the output signal,
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Fig. 4. (a) Dependences of synchronization index o, on the coupling parameter € for the
random network of N = 20 low-voltage vircators on the different frequencies (time scales) of
observation, i.e. f = 0.752 GHz (curve 1), f = 2.67 GHz (curve 2), f = 6.586 GHz (curve 3).
(b-e) Power spectra of output signals of fifth low-voltage vircator for the different values of
the coupling parameter, i.e. ¢ = 0.15 (b), e = 0.275 (c), ¢ = 0.45 (d), ¢ = 0.775 (e).

and for ¢ = 0.275 the additional spectral components are already appeared in it
(see Fig. 4(c)). With the further increase of ¢ the most part of spectral components
including the proper one (f = 0.752 GHz) disappear and two well-defined spectral
components (closed to f = 2.67 GHz and f = 6.586 GHz) remain in the power spec-
trum (see Fig. 4(c) for € = 0.45). These spectral components continue to exist with
the further increase of ¢ (see Fig. 4(d) for e = 0.775).

All three values of the frequencies mentioned above have been used for the calcu-
lation of the synchronization index (see Fig. 4(a)). Meanwhile, for the low-frequency
component (curve 1) the synchronization index begins firstly to increase, then it
decreases down to zero and then continues to grow again. At the same time, the
quantitative value of o is small enough for all computed values of the coupling para-
meter strength. It means that only a small part of the coupled generators contains a
synchronized spectral component on the frequency f = 0.752 GHz in contrast to the
vircator chain considered above. For several values of the coupling parameter such
spectral component is absent for all generators of the network and the synchroniza-
tion index o; = 0. The increase/decrease of the value of the synchronization index
indicates the appearance/disappearance of the corresponding synchronized spectral
components in the power spectra of the output signals of the generators being in the
nodes of the network.

On the contrary, the synchronization indices computed for two other spectral com-
ponents (curve 2 and 3 in Fig. 4(a) demonstrate the behavior qualitatively identical
to the last one obtained for the simply ordered chain of the coupled generators (see
above). With the coupling parameter value increase the synchronization indices grow
up to the values close to 1 indicating the time scale synchronization regime onset in
the whole network of the coupled low-voltage vircators. The further growth of the
coupling parameter strength results in the marginal changes of the quantitative val-
ues of the synchronization indices, i.e. both for f = 2.67 GHz and f = 6.586 GHz o
reaches the saturation level. At the same time, the small decrease of the value of o,
connected with the small shift of the main frequencies of the oscillations takes place.

The gradual growth of the synchronization indices in the network under study
allows assuming that the transition from the asynchronous state to the time scale
synchronization regime in the whole network occurs via the formation of the syn-
chronous cluster, with the number of its elements being increased with the growth
of the coupling parameter. This fact is illustrated in Fig. 5 where the evolution
of the synchronous cluster in the random network on the frequency f = 2.67 GHz
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Fig. 5. The evolution of the synchronous cluster in the random network of N = 20 elements
on the frequency f = 2.67 GHz with the coupling parameter value increasing: (a) e = 0.15;
(b) e = 0.225; (c) € = 0.275; (d) € = 0.375. The asynchronous generators are shown by white
circles, the generators being in the time scale synchronization regime are marked by black.
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Fig. 6. Dependence of chaotic signal bandwidth W averaged over all oscillators of the
network on the coupling parameter value €.

(corresponding to curve 2) has been shown. For the visualization of the synchronous
cluster the asynchronous generators are shown by the white circles whereas the gener-
ators being in the time scale synchronization regime are marked by black. It is clearly
seen that the number of the synchronous generators grows with the coupling parame-
ter value increase, with the sharp jump of the number of the synchronous elements
being realized at the small coupling parameter value variation (compare Figs. 5(a)
and (b).

As we have mentioned above due to the influence of the several signals on the
generators being in the nodes of the random network the spectral structure of the
signals changes remarkably with their complication which took place. This is a new
result, showing that in the random network of the weakly coupled chaotic microwave
oscillators broadband chaotic signals can be generated in the synchronous regime,
when there is the possibility of the effective summation of the microwave power of
the different generators. Figure 6 illustrates the dependence averaged over all ele-

ments of the network of the chaotic signal bandwidth W = %Zf\il ?Of L (where fo, is

a proper frequency of the oscillations of i*" generator, Af; is the bandwidth of the
chaotic signal of i*® generator) on the coupling parameter value. It is clearly seen
that the characteristic increases sufficiently, and for the large values of the coupling
parameter strength the oscillations in the generators become noise-like without the
well-defined frequencies. In this case the network of the low-voltage vircators can
be considered as a source of the powerful broadband GHz-radiation with the noise-
like power spectrum. For example, such chaotic sources of microwaves can be used
in the noise/chaotic radar technology [61,62] or atmospheric remote sensing [15,63].
Such technologies using the noise-like chaotic signals provide the excellent potential
capabilities for Doppler measurements with the high resolution and accuracy. In ad-
dition, the chaos-based radar systems have the best low probability of the intercept
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and electromagnetic compatibility performance, which enables designing of the
cost-effective and affordable radar systems for the various applications, including
atmospheric remote sensing, car radars, distance measuring systems, etc. [62-67].

5 Conclusions

In conclusion, we have analyzed the time scale synchronization regime in the networks
of the coupled nonlinear elements with the different topologies of the links between
nodes. As a node element of the network we have considered the one-dimensional
distributed model of new perspective device of the microwave electronics, namely,
the low-voltage vircator. To characterize the degree of synchronization in the whole
network the time scale synchronization index has been introduced into consideration.
We have shown that for both considered topologies of the networks (i.e., the simply
ordered chain of the microwave oscillators and the random network) the transition
from the asynchronous state to the time scale synchronization regime is accompanied
by the formation of the synchronous cluster, with the number of its elements being
increased with the growth of the coupling parameter strength. Moreover, the increase
of the coupling parameter value results in the complication of the spectral structure
of the signal that allows using such networks in the noise/chaotic radar technology.
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