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The study of the microwave generation regimes with intense higher harmonics taking place in a
high-power vircator consisting of a relativistic electron beam with a virtual cathode has been made.
The characteristics of these regimes, in particular, the typical spectra and their variations with the
change of the system parameters (beam current, the induction of external magnetic field) as well as
physical processes occurring in the system have been analyzed by means of 3D electromagnetic
simulation. It has been shown that the system under study demonstrates the tendency to the sufficient growth of the amplitudes of higher harmonics in the spectrum of current oscillations in the
VC region with the increase of beam current. The obtained results allow us to consider virtual cathC 2014 AIP Publishing LLC.
ode oscillators as promising high power mmw-to-THz sources. V
[http://dx.doi.org/10.1063/1.4895507]

Relativistic beam-plasma systems using virtual cathode
(VC) oscillations for an electromagnetic radiation generation
are the perspective devices of vacuum and plasma highpower microwave electronics.1–3 Virtual cathode oscillators
(such as vircators, reditrons, virtodes, etc.) are a special class
of bremsstrahlung microwave generators, whose operation is
based on the formation of a VC in an electron beam with
overcritical current.1,3–5 At the present time such devices are
investigated actively and considered as the sources of the
impulses of high-power microwave radiation and as setups
for ion acceleration and plasma heating.1,3,6–10 The important and attractive features of vircators are high output
microwave radiation power, a simple construction (particularly, vircators can operate without external focusing magnetic field), the possibility of a simple frequency tuning and
regime switching (tunability).3,6,11–14
The fundamental generation frequency, xVCO, of known
vircator modifications in the absence of an external resonant
structure is determined by the plasma frequency, x0p , of an
undisturbed electron beam (undisturbed plasma frequency)
as xVCO ¼ k0 x0p , where the coefficient of proportionality, k0,
is in the range ½0:5; 2 and depends on the configuration of a
virtual cathode oscillator (VCO) and operating regime.3,6,15–17 In practical cases xVCO lies usually in the
range1,20 GHz. At the same time, the creation of effective
high-power generators in poorly developed sub-THz/THz
ranges is an actual problem of the modern plasma physics
and high-power microwave electronics.18 Such devices may
be used for the purposes of spectroscopy, tomography and
medical imaging, submillimeter astronomy, communication,
security, etc.18–22
So, the increase of the generation frequency and the
advancement of vircators to a sub–THz range on retention of
their high output power are important and actual problems for
practical purposes now.2,3,14 A possible direction for the
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improvement of vircator characteristics is the development
and design of the new modifications of VCOs that use newly
discovered effects occurring in the relativistic and ultrarelativistic electron beams with overcritical currents.10,16,23,24
A promising way to increase the radiation frequency of a vircator system up to sub-THz range is the use of the higher harmonics of the fundamental frequency of VCOs in the strongly
nonlinear regime of a VCO operation. Currently, a generation
at higher harmonics is widely applied in gyrotrons.25–28 It is
also known that under certain conditions the beam-plasma
systems with the intensive beams of charged particles demonstrate the regimes with developed higher harmonics (see, e.g.,
Ref. 29 devoted to the investigation of a hollow-cathode discharge process and Ref. 30 where the physics of the turbutron,
the high-power pulsed millimeter-wave source consisting of
an intensely oscillating turbulent relativistic electron plasma
created between the emission and virtual cathodes, is
reviewed). Our preliminary studies have also shown that the
relativistic electron beam (REB) with the overcritical current
demonstrates VCOs with the spectrum comprising the higher
harmonics of the fundamental frequency, xVCO. So, there is a
significant interest in the studies and development of vircator
schemes operating at the higher harmonics of the fundamental
frequency of virtual cathode oscillations. It allows to advance
these devices to a submillimeter wavelength range on retention of a typical high output power.
Analyzing relativistic vircators, it is necessary to take
into account effects being insignificant for the weakly relativistic systems, in particular, the influence of the selfmagnetic fields of a REB.10,24 For that reason, the 3D fully
electromagnetic self-consistent CST Particle Studio package
is used in our work for the accurate numerical investigations
of generation processes in the relativistic vircator model. In
this paper, we report the results of the 3D numerical study of
higher harmonics generation processes in the relativistic vircator model with the annular REB in the presence of external
uniform axial magnetic field.
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The system under study consists of the perfect electric
conducting finite–length cylindrical waveguide region (the
electron beam drift chamber) of the length L, the radius R,
with a grid electrode on the left side and a coaxial waveguide
port on the right side. An axially-symmetrical monoenergetic
annular relativistic electron beam with the current I0, the initial electron energy We (850 keV in this work), the external
radius Rb and the thickness d is injected through the left (entrance) electrode. Electrons can leave the waveguide region
by reaching the side wall or the right (collector) end of the
drift chamber. In the present paper, the values of the geometric parameters were chosen as: L ¼ 45 mm, R ¼ 10 mm,
Rb ¼ 5 mm, d ¼ 1.5 mm. The resonant properties of the system do not appear practically because it is superdimensional
waveguide in respect of a wavelength corresponding to a vircator fundamental frequency. The external uniform magnetic
field with induction Bz ¼ B0 2 ð0; 2Þ T is applied along the
longitudinal axis of the waveguide. We suppose that the
injected REB is formed by a magnetically isolated diode.31
We have analyzed the evolution of the amplitude spectra
of the current oscillations of a beam part reflected from the
VC to the injection plane with the change of the beam current I0 and the value of external magnetic field induction B0.
Such current signals reflect VC space-time behavior and,
hence, their analysis allows to reveal intrinsic electron beam
dynamics and the characteristics of a possible relativistic vircator radiation for different system parameters. The spectrum
corresponding to the subcritical regime of the system operation when beam current is less than the critical space-charge
limited current Icr ðB0 Þ for the given external magnetic field
is low-power and has a noise-type form. Note, the critical
current is known to be the function of the magnetic field
induction B0.24,32,33
With the growth of beam current the relativistic vircator
system goes into the supercritical regime, and the spectral
component at the frequency of xVCO (fVCO  21:7 GHz for
the case shown in Fig. 1(a)) with satellites appear in the
spectrum of current oscillations, which are characterized by
the significant chaotic dynamics (see frame in Fig. 1(a)). The
position of this fundamental component is determined by the
value of the plasma frequency, xdp , of the disturbed REB:
xVCO  xdp . The xdp value (disturbed plasma frequency) is
proportional to the plasma frequency reduction factor31,34
and the beam space charge density in the VC area that is
defined by the electron focusing/defocusing processes during
a beam propagation. Let us apply a factor k relating plasma
frequencies of undisturbed and disturbed beams as
xdp ¼ kx0p . This factor takes into account both focusing/defocusing and plasma reduction effects and equals to 0.8 for the
case shown in Fig. 1(a). Note that it is proportional to the
degree of focusing of an electron beam in a VC area by
means of the applied magnetic field.
The spectrum in Fig. 1(a) also demonstrates the presence of the higher harmonics nxdp of the disturbed plasma
frequency up to n ¼ 7. Besides, the quantity of the satellites
of the n th harmonic increases with the number n. It corresponds to the complex relaxation-like oscillations of the
VC in the system with the fundamental frequency being
equal to the disturbed plasma frequency. Let us introduce
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FIG. 1. The amplitude spectra of the current oscillations in the typical
regimes: (a) supercritical regime when the VC oscillates at the xVCO ¼ xdp
frequency and the fundamental harmonic (21:7 GHz) of this frequency is
maximal (I0 ¼ 16 kA), (b) VCO’s regime when the VC oscillates at the
xVCO ¼ 2xdp and the fundamental harmonic (40:2 GHz) of this frequency
is maximal (I0 ¼ 18 kA), (c) regime when xVCO ¼ 2xdp and the second harmonic (85:3 GHz) of this frequency xV CO is maximal (I0 ¼ 28 kA). The
short fragments of the time series of the analyzed current oscillations used
for the spectra calculations are shown in the frames. Magnetic field is
B0 ¼ 1:2 T.

the normalized parameter of current supercriticality
dIðB0 Þ ¼ I0 =Icr ðB0 Þ determined by the ratio of the certain
fixed REB current I0 to the beam critical (space-charge limited) current Icr ðB0 Þ.24,35 The supercriticality parameter
dIðB0 Þ characterizes the degree of development of VC
oscillations in an electron beam and depends (for the fixed
beam current I0) on a magnetic field induction value, B0.
We have found out that the observed VC dynamics at the
xdp frequency is developed for the relatively small values of
the supercriticality parameter: from dIðB0 Þ < 1:1 for the
weak magnetic fields B0 < 0:1 T to dIðB0 Þ < 2:5 for
B0 > 0:5 T.
With further increase of the current supercriticality parameter the consecutive qualitative change of the spectrum
of the current oscillations occurs in the considered vircator
system. First of all, switching of the fundamental spectral
component from xdp to 2xdp (fVCO  40:2 GHz) takes place
(Fig. 1(b)), with the current oscillations becoming more regular (see frame in Fig. 1(b)). The higher harmonics of the
fundamental component and its modulation satellites are also
present in the spectrum, with the amplitudes of all harmonics
increasing in comparison with the case of smaller current
supercriticality. The supercriticality parameter range, where
such system dynamics is observed, varies for different external magnetic fields from [1.1, 2.6] for the weak magnetic
fields B0 < 0:1 T to [2.5, 2.7]—for the stronger magnetic
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fields B0 > 0:5 T. It indicates that the VC goes into a developed oscillatory regime when the parameter dIðB0 Þ overcomes a certain threshold value. Note that a factor k equals
to 0.7 for the case shown in Fig. 1(b) that tells about the
decrease of the degree of electron beam focusing in the VC
area in comparison with the case of smaller current (for Fig.
1(a)). The plasma frequency reduction factor remains constant with the change of the beam current, the energy and the
external magnetic field since it depends only on the system
geometry.
The tendency of the growth of the amplitudes of higher
harmonics (particularly, the second harmonic) in the spectrum of the current oscillations with the further increase of
the current supercriticality parameter dI is found out in the
analysis of the relativistic vircator model. Actually, Fig. 1(c)
demonstrates the spectrum when the second harmonic of the
fundamental component is maximal (the frequency of the
fundamental component is xVCO ¼ 2xdp ¼ 43 GHz in this
case). In this regime, the current oscillations waveform also
changes sufficiently, the sharp peaks are well pronounced on
time series (cf. frames in Figs. 1(b) and 1(c)). So, the investigated vircator is characterized by the regimes of the operation with the intense higher harmonics of the fundamental
component. In turn, a factor k equals to 0.6 in this case, i.e.,
the degree of electron beam focusing in a VC area has
become even less for the greater beam current value that is
the consequence of the increased space charge forces.
Fig. 2 shows the dependency of the factor k on the beam
current value I0 for the fixed external magnetic field
B0 ¼ 1:2 T. One can see that it demonstrates the monotonous
decrease with the growth of I0 due to the rise of defocusing
space charge forces.36 Conventionally, this dependency may
be divided into three specific ranges (I, II, and III in Fig. 2)
with the qualitatively different spectra of the current oscillations which are characterized by different relations between
the maximal spectral component and the disturbed plasma
frequency, xdp . When the beam current value lies in the first
range (I:10 < I0 < 18 kA; 0:7 < k < 1), the maximal component in the spectrum is the fundamental harmonic at the
frequency xdp in the third region (III:I0 > 20 kA, k < 0.67),
the fundamental component corresponds to the frequency
2xdp , and the second harmonic of it is maximal because of a
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strong system nonlinearity. Finally, the second narrow area
(II:18 < I0 < 20 kA; 0:67 < k < 0:7) is a transition region
where the frequency of the fundamental harmonic becomes
equal to 2xdp and it is maximal in the spectrum.
The discovered switching of the fundamental spectral
component from xdp to 2xdp occurs when the dynamics of the
REB with a VC is changed qualitatively. Actually, when the
fundamental component has the frequency xdp (region I) the
VC is characterized by a strongly nonuniform distribution at
the azimuthal direction with one lumped space-charge potential minimum rotating at time (this minimum corresponds to
the primary area of the VC reflected electrons). For the case
when the frequency of the fundamental component is
doubled (region II), the structure of the VC demonstrates the
other character form with two rotating potential minima at
the azimuthal direction. The appearance of the second minimum explains the effect of the fundamental frequency doubling. Physical mechanisms responsible for the discovered
VC structure transformations are associated with the features
of the azimuthal instability development and the excitation
of the azimuthal rotational modes in a REB.10,24
We have also discovered that the described switching of
the fundamental spectral component occurs when the beam radius overcomes a certain threshold value Rth which is different
for various external magnetic fields. So, it means that the fundamental component switching occurs when the boundary
electrons reaching this threshold radius are not restrained by
the focusing magnetic field. It corresponds to the case when
the sum of the defocusing forces (Coulomb force and centrifugal force) begins to exceed the focusing force of the magnetic
field at radius Rth. So, for the fixed magnetic field, B0 ; we can
estimate analytically the typical beam current value when
such change in the balance of the forces occurs.
Let us assume that the external magnetic field is strong
enough to neglect the influence of the self-magnetic fields.
Let the REB with the current I0 has the radius Rb at the injection plane and the radius Rth ¼ bRb in the VC area. The
threshold Rth and corresponding b > 1 depend on the external
magnetic field and are determined by a numerical simulation.
Moving in the system between the points with radii Rb and
Rth in the presence of the constant external magnetic field
electrons acquire an angular momentum. This momentum is
proportional to the difference of induction fluxes across the
cross-sections of the REB at the points with radii Rb and Rth,
respectively:31
R2th

FIG. 2. The dependency of the factor k on a beam current I0 for the fixed
external magnetic field B0 ¼ 1:2 T. Roman numerals denote the areas with
qualitatively different dynamics.


dh gB0  2
¼
Rth  R2b ;
2c0
dt

(1)

where dh=dt is the azimuthal velocity of electrons. The
motion of the electrons of the REB is determined by the action
of the centrifugal force Fc ¼ c0 me rðdh=dtÞ2 , Coulomb’s
repulsion force Fk ¼ eEr and Lorentz force FL ¼ er
ðdh=dtÞB0 (here e and me are the charge and the mass of electron, respectively, r is the radial coordinate of electron, Er is
the radial component of the space charge field intensity).
Then, one can write the motion equation for the boundary
electron of the beam, taking into account the above, relation
(1) and the equation d 2 r=dt2 ¼ ð2gV0 =c0 Þd2 r=dz2 :
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pﬃﬃﬃﬃﬃ
I0 c0
d2 r
gB20
4 
½
þ
bRb 1  b 
¼ 0;
pﬃﬃﬃﬃﬃ 3=2
dz2 8V0 c0
4pe0 2gV bRb

(2)

0

where V0 is the accelerating voltage.
Equation (2) implies that for the fixed external magnetic
field, B0, there is typical beam current value Ich for which
REB keeps the constant radius, Rth, in the system. Actually,
if we put d 2 r=dz2 ¼ 0 in Eq. (2) (it means the lack of the
acceleration in the radial direction), we may easily obtain the
value of this typical current Ich for the fixed external magnetic field:
pﬃﬃﬃﬃﬃ
pe0 B20 g3=2 V0 R2b ð 2
(3)
b  b2 Þ:
Ich ¼
pﬃﬃﬃ 3=2
2c0
When the beam current, I0, exceeds Ich the defocusing forces
become greater than the focusing one and, as a consequence,
the great part of electrons go beyond the threshold radius Rth.
So, Ich corresponds to the current when the switching of the
fundamental spectral component from xdp to 2xdp occurs.
Actually, for the considered parameters (B0 ¼ 1:2 T;
b ¼ 1.47) Eq. (3) gives Ich  18:8 kA which is in good
agreement with the results of the numerical simulations.
Indeed, the current value corresponding to the middle of the
transition range II in Fig. 2, where the frequency of the fundamental spectral component switches from xdp to 2xdp ,
approximately equals to 19 kA.
For the detailed analysis of the operating regimes of the
relativistic vircator model with the control parameters variations, the regime map in the plane (I0, B0) has been obtained
(Fig. 3). Fig. 3 demonstrates three typical regimes: subcritical (region 1), supercritical with the maximal fundamental
component in the spectrum of the current oscillations (2) and
supercritical with the maximal second harmonic of the fundamental component (3). The basic tendency here is that
with the beam current increase for different external magnetic fields we observe firstly the switching from the subcritical to supercritical regime and then the increase of the
second harmonic of the fundamental component that leads
finally to its domination in the spectrum (see region 3 in
Fig. 3). At the same time, the amplitudes of the higher

harmonics with numbers n > 2 also increase with the growth
of the beam current.
Note that the boundaries between the regimes, b12 and
b23 , have the similar form in Fig. 3. The curve b12 is the
dependency of the critical beam current, Icr ðB0 Þ, on the
external magnetic field value. Its form and the presence of
the area of the critical current growth are determined by the
process of azimuthal instability development in a REB (the
detailed discussions of this effect see in Ref. 24). The azimuthal instability development results in the decrease of
space charge density at the VC area and, as a consequence,
the increase of the critical beam current.
So, the analogous behavior of both boundaries indicates
that the azimuthal instability also influences on the conditions of the switching from regime 2 to regime 3, and this
switching occurs when space charge density at the VC area
overcomes a certain character value. Indeed, when external
magnetic field is relatively weak (B0 < 0:4 T) its growth
leads to the decrease of the space charge density at the VC
area due to the azimuthal instability development10,24 and,
therefore, the boundary curve b23 demonstrates the increase
of the critical current in the range of B0 values. The stronger
external magnetic fields (B0 > 0:4 T) suppresses the azimuthal instability10,24 and focuses the electron beam resulting in space charge density growth. As a consequence, the
specific beam current value decreases monotonously along
the boundary b23 for B0 > 0:4 T.
Fig. 4 shows the dependencies of the amplitudes of the
1st—6th harmonics of the fundamental component in the
spectrum of the current oscillations of the beam reflected
from VC on the injected beam current I0. The analysis allows
to define the conditions (beam currents) when the higher harmonics are mostly developed in the spectrum and maximal
energy is stored in these components. Actually, when I0 ’
24 kA or I0 ’ 28 kA all six harmonics (except 6th harmonic
for I0 ’ 24 kA) demonstrate the clearly defined local maxima for such external magnetic field, and the second harmonic strongly predominates over others for these values of
the beam current. Note that practically for all values of the
beam current corresponding to the development regime of
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the vircator operation (I0 > 20 kA), the second harmonic has
a maximal amplitude (the exception is the weakly overcritical regime (I0 < 20 kA) where the fundamental harmonic is
maximal).
In conclusion, we have shown by means of 3D numerical simulation that the investigated vircator system demonstrates the tendency to the sufficient growth of the
amplitudes of the higher harmonics in the spectrum of microwave oscillations with the increase of the beam current. The
obtained results allow us to consider virtual cathode oscillators as promising high-power mmw-to-THz sources.
We thank Dr. S. V. Eremina for the English language
support. This work has been supported by the Russian
Science Foundation (Grant No. 14-12-00222).
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