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ABSTRACT

We found the intermittent phase synchronization in human epileptic brain. We show that the phases of the
synchronous behavior are observed both during the epileptic seizures and in the fields of the background activity
of the brain. We estimate the degree of intermittent phase synchronization in both considered cases and found
that the epileptic seizures are characterized by the higher degree of synchronization in comparison with the fields
of background activity. For estimation of synchronization degree the modification of the method for estimation
of zero conditional Lyapunov exponent from time series proposed in [PRE 92 (2015) 012913] has been used.
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1. INTRODUCTION

One of the most interesting types of the synchronous behavior observed in physiological systems is the phase
synchronization regime.1,2 It is the generalization of classical synchronization of periodical oscillations on the
case of non-autonomous or coupled chaotic systems and means the presence of the phase locking of interacting
systems in the absence of any correlations of their amplitudes.3,4 Near the boundary of the phase synchronization
the intermittent behavior is observed.5,6 In such case the phase locking condition is satisfied only in certain time
intervals called by the laminar phases, which are persistently interrupted by the phase slips called by the turbulent
phases. Such regime is called by the intermittent phase synchronization. Intermittent phase synchronization is
a generic type of the synchronous behavior observed both in physical, biological and physiological systems, for
example, during the epileptic activity of animals and humans.2,7

The phenomena of “synchronization” and “phase locking” are closely connected with the behavior of zero
conditional Lyapunov exponent.8 In particular, it is known that the transition of zero conditional Lyapunov
exponent in the field of the negative values in the non-autonomous systems (demonstrating periodic dynamics)
in the presence of noise and coupled chaotic systems indicates the phase synchronization onset. At the same
time, the difference between the critical values of the coupling parameter corresponding to the threshold of the
phase-locking and moment of transition of Lyapunov exponent in the negative field, can be a high enough. In
other words, the zero conditional Lyapunov exponent become negative earlier then the phase synchronization
regime onset, and therefore, its value can be considered as the degree of intermittent phase synchronization.8,9

It is easy to find the value of zero Lyapunov exponent in the case when the evolution operator is known
explicitly.10 There also several methods allowing to estimate the value of Lyapunov exponent in the case of
unknown evolution operator. But all of them have some artifacts, especially high sensitivity to noise and errors,
that makes evident the necessity of new algorithm development.11–15

In the present paper we propose a new effective method for calculation of the value of zero conditional
Lyapunov exponent of interacting systems from time series and apply it for estimation of the degree of intermittent
phase synchronization regime in real neurophysiological systems.
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Figure 1. EEG signals taken from channel C3 (a) and Cz (b) of the human brain

2. DATA AND METHOD

As the signals under study we have selected real experimental neurophysiological data being the signals of
electroencephalograms (EEG) taken from different regions of human brain suffering from epilepsy (see Figure 1).
Epileptic EEG are intermittent time series containing the epileptic seizures and the fields of background brain
activity. It is known that the epileptic seizures are characterized by a high degree of synchronism.7,16 At the
same time, the fields of background activity are also known to demonstrate the existence of phases with the
synchronous behavior.

Figure 2 illustrates the dependencies of the phase difference between the signals taken from channels C3
and Cz of the human brain (the location of the electrodes is shown in17 in Figure 24). The figures show only
the phases of the synchronous behavior. Figure 2,a corresponds to the epileptic seizures, whereas Figure 2,b
refers to the synchronous fields of background brain activity. The phases of signals have been introduced into
consideration by means of the continuous wavelet transform with the Morlet mother wavelet function.7,18

For the synchronous fields of each type of the dynamics a new method for estimation of the value of conditional
zero Lyapunov exponent has been applied. By analogy with9,19 Lyapunov exponent has been calculated by the
formula:

Λ =

x2∫
x1

ρ(x) ln |1 + 2Ωx| dx (1)

where ρ(x) is the invariant probability density of the x variable. Probability density ρ(x) has been calculated
numerically and approximated by the analytical regularity

ρ(x) = A exp

[
− 2

D

(
εx− Ωx3

3

)]
, (2)

where A is the normalization factor defined from condition∫ x2

x1

ρ(x)dx = 1, (3)

D is the noise variance, ε and Ω are the control parameters. The probability density (2) is applicable to the
supercritical region of the control parameter ε corresponding to the synchronization regime of the flow systems.8,9
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Figure 2. Time dependencies of the phase difference between the signals taken from channel C3 and Cz of the human
brain during the epileptic seizures (a) and the synchronous fields of the background brain activity (b)

3. RESULTS

The first step is the search of the approximation parameters. To find the parameter D we have assumed that
the distribution of the probability density ρ(x) is visually similar to the Gaussian probability density distribution
which in a simplified form can be written as

ρG(x) = AG exp
[
−2B(x−K)2

]
, (4)

where K and B are analogues of the ensemble average and variance, AG is the normalization factor. Parameter
K corresponds to the maximum value of the distribution (4) and can be expressed from the control parameters
ε and Ω of the distribution (2) in the following way:

K = −
√

ε

Ω
. (5)

Expanding the right-hand sides of (2) and (4) in a Taylor series in point (5), limiting the terms of the second
infinitesimal order and comparing the coefficients from equal powers one can find the relationship between the
parameters B and D:

D =

√
εΩ

B
. (6)

The parameters AG and K can be found by comparison of the maximum values of numerically obtained
probability density distribution and its approximation by the regularity (4). Parameter B can be estimated by
the least square method. The relationship between parametersD, ε and Ω is defined by the relationship (6), where
the parameter B is known. This expression makes possible to search the rest of the approximation parameters:
the relation between A and ε can be found by the comparison of the maximum of obtained numerically and
analytically (2) probability distributions, parameter Ω should be estimated by the least square method. The
parameters x1 and x2 in the formula (1) can be determined empirically from the kind of ρ(x).

The proposed method is applied to the epileptic seizures and to the synchronous fields of the background
activity. Obtained distributions of the probability density of the phase difference and their approximations by
the expression (2) are shown in Figure 3,a (the epileptic seizures) and Figure 3,b (the synchronous fields of
the background activity), respectively. The approximation parameters for the fields of epileptic seizures are the
following: B ≈ 56.70, D ≈ 0.182, ε ≈ 0.468, A ≈ 1.917 × 10−38, Ω ≈ 0.4. The same parameters for the fields
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Figure 3. Distributions of the probability density ρ(x) obtained for the epileptic seizures (a) and the synchronous fields
of the background activity (b) (histograms) and their approximations by the regularity (2)

of background activity are obtained as: B ≈ 2.30, D ≈ 0.182, ε ≈ 0.441, A ≈ 0.384, Ω ≈ 0.4. The values of
Lyapunov exponent in both cases are negative, and their relation with each other is equal to Λ1/Λ2 ≈ 1.12, that
means the higher degree of synchronization of epileptic seizures in comparison with the fields of the background
human brain activity.

4. CONCLUSIONS

In conclusion, the method for estimation of zero conditional Lyapunov exponent from time series has been
proposed. We have shown that the phases of the synchronous behavior are observed both during the epileptic
seizures and in the fields of the background activity of brain. We have estimated the degree of intermittent phase
synchronization in both considered cases and found that the epileptic seizures are characterized by the higher
degree of synchronization in comparison with the fields of the background activity.
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