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1. INTRODUCTION

The formation of a virtual cathode (VC) in an
intense electron beam with a supercritical current is
related to the appearance of a potential barrier in the
beam drift space, which reflects a fraction of the beam
electrons back to the injection plane and to the side
surface of the drift space [1–3]. The appearance of
such a potential barrier is caused by the space charge
of the electron beam injected into the chamber. At low
beam currents, the depth of the potential well is small
and the entire electron beam passes without reflection
to the output plane of the drift space (the regime of
stationary beam transport). As the beam current
increases (the energy of the beam electrons being
fixed), the space charge density in the beam and,
accordingly, the depth of the potential well also
increase. At a certain beam current, called the limiting
(or critical) vacuum current [4, 5], the depth of the
potential well becomes sufficient to reflect the beam
electrons, which leads to the formation of a VC [1]. It
is well known that the VC formed in the electron beam
is always unsteady and oscillates in both time and
space [2, 6–12]. This enables one to use electron
beams with supercritical currents in the VC formation
mode for generation of high�power microwave radia�
tion [13–19]. The critical current at which a VC forms
in a relativistic electron beam (REB) is the start cur�
rent for vircators. It is a relatively easily measured
characteristic, important for understanding the physi�
cal processes occurring in systems with a VC.

The formation and dynamics of the VC were thor�
oughly studied [9, 10, 14, 20–23] mainly for the case
of one�dimensional (1D) motion of the beam elec�
trons (the model of a fully magnetized beam). In the
framework of this model, Bogdankevich and
Rukhadze [4, 24, 25] derived the following analytic
formula for the critical current in the case of a cylin�
drical interaction space:

(1)

where  is the radius of the interaction space;  and
 are the radius and wall thickness of the annular elec�

tron beam, respectively;  and  are the relativistic
factor and velocity of the REB electrons in the injec�
tion plane, respectively; c is the speed of light; and  is
the electron charge�to�mass ratio. It was shown in [26,
27] that formula (1) for the critical current of a mag�
netized electron beam agrees well with the experi�
ment.

In recent years, studies of the dynamics of an elec�
tron beam with a VC in two�dimensional (2D) and
three�dimensional (3D) geometries have attracted
considerable interest [18, 28–34]. This is explained by
the fact that the 1D theory of a vircator does not take
into account some important aspects of the behavior
of an electron beam with a VC and, in some cases, dis�
agrees with the experiment. From the practical stand�
point, such studies are important for analyzing the

( )
//

⎛ ⎞
⎜ ⎟
⎝ ⎠

γ −
= , γ = ,
η + −

SCL
/ / /

3 22 3
3 0

0 2 2
0

1 1
2 ln( ) 1b b

cI
d R R R cv

R bR
d

γ 0 0v

η

PLASMA 
DYNAMICS

Specific Features of Virtual Cathode Formation and Dynamics 
with Allowance for the Magnetic Self�Field 

of a Relativistic Electron Beam
S. A. Kurkin*, A. A. Koronovskii, and A. E. Hramov

Saratov State University, Bol’shaya Kazach’ya ul. 112, Saratov, 410012 Russia
Saratov State Technical University, Politekhnicheskaya ul. 77, Saratov, 410054 Russia

*e�mail: kurkinsa@gmail.com
Received March 27, 2012; in final form, June 27, 2012

Abstract—The conditions and mechanisms of virtual cathode formation in relativistic and ultrarelativistic
electron beams are analyzed with allowance for the magnetic self�field for different magnitudes of the exter�
nal magnetic field. The typical behavior of the critical current at which an oscillating virtual cathode forms in
a relativistic electron beam is investigated as a function of the electron energy and the magnitude of the uni�
form external magnetic field. It is shown that the conditions for virtual cathode formation in a low external
magnetic field are determined by the influence of the magnetic self�field of the relativistic electron beam. In
particular, azimuthal instability of the electron beam caused by the action of the beam magnetic self�field,
which leads to a reduction in the critical current of the relativistic electron beam, is revealed.

DOI: 10.1134/S1063780X13040065



PLASMA PHYSICS REPORTS  Vol. 39  No. 4  2013

SPECIFIC FEATURES OF VIRTUAL CATHODE FORMATION 297

characteristics of electromagnetic pulses generated in
vircators without an external magnetic field [2, 13, 35]
or with a nonuniform magnetic field in the region of
VC formation [36–38].

An important line of these studies is analysis of the
influence of the external magnetic field on the critical
current required for VC formation in an electron beam
[1, 39]. Such studies for nonrelativistic and weakly rel�
ativistic beams were performed in [31, 40–43] in the
framework of quasi�static modeling [32, 40]. It was
found that a finite external magnetic field and the
effects of 2D electron beam dynamics in such a field
significantly affect the mechanisms and conditions of
VC formation (including the value of the critical cur�
rent). This is caused by the fact that, first, the space
charge density near the VC depends strongly on the
magnitude of the external magnetic field focusing the
electron beam and, second, the external magnetic
field significantly affects the dynamics of charged par�
ticles in the self�consistent field of the space charge. In
particular, it was shown in [41–43] that the critical
current increases with decreasing external magnetic
field due to a reduction in the space charge density in
the beam caused by the Coulomb repulsion of elec�
trons, which leads to an increase in the cross section of
the electron beam.

At present, the question of the conditions for VC
formation in an REB in a finite external magnetic field
still remains open. As the REB current and energy
increase, a number of effects that are inessential for
weakly relativistic beams come into play. In particular,
in the case of an REB, it is impossible to disregard the
magnetic self�field of the beam, which begins to sub�
stantially affect the process of VC formation. Taking
into account the magnetic self�field necessitates the
use of essentially 3D self�consistent electromagnetic
models of the dynamics of an REB with a supercritical
current, due to which such studies become very com�
plicated and require large computation resources.
Nevertheless, it is absolutely necessary to take into
account the magnetic self�field in analyzing modern
VC devices, such as relativistic vircators [39] and ion
acceleration systems [44, 45]. Therefore, systematic
studies of the conditions and mechanisms for VC for�
mation in an REB with allowance for 3D dynamics of
the electron beam with a VC is undoubtedly very chal�
lenging.

In this work, we present results of 3D numerical
electromagnetic simulations of the VC dynamics in an
annular REB for different magnitudes of the external
uniform magnetic field. Typical behavior of the critical
current for VC formation in an REB is investigated as
a function of the electron energy and the magnitude of
the external uniform magnetic field, and some ana�
lytic estimates of the vircator dynamics are presented.

2. MODEL

Let us consider a segment of a cylindrical
waveguide of length L and radius R, closed on both
ends by grids. An axisymmetric monoenergetic annu�
lar REB of radius  and wall thickness d with a parti�
cle energy  and current I is injected into the inter�
action space through the left (input) grid and is output
through the right (output) grid. The beam electrons
can also escape to the side wall of the interaction
space. In the simulations performed in this work, it
was assumed that L = 40 mm, R = 10 mm,  mm,
and d = 2 mm.

Along the axis of the interaction space, an external
uniform focusing magnetic field  is applied. It
is assumed that the source of the REB is not screened
from the external magnetic field. In this case, the mag�
netic field at the input to the drift space coincides with
that in the region of the beam source, due to which the
REB does not acquire an additional azimuthal velocity
defined by the Busch theorem [46]. Such a magnetic
field distribution is typical of many high�power elec�
tronic devices; in particular, of magnetically insulated
diodes forming high�current REBs in which the exter�
nal magnetic field at the cathode coincides with the
focusing magnetic field in the drift space [46–48].

In this work, the REB dynamics in the interaction
space is described in terms of a nonstationary 3D fully
electromagnetic model based on self�consistently
solving a set of Maxwell’s equations for the electro�
magnetic field and equations of motion of large model
particles simulating the beam electrons [49–51]. It
should be noted that, at present, such models are com�
monly used to analyze physical processes in various
high�power vacuum and plasma electronic devices
[52]. The equations used in the model have the form

, (2)

, (3)

(4)

with the corresponding initial and boundary condi�
tions. Here,  and  are the electric and magnetic
fields, respectively;  and  are the charge and current
densities in the beam, respectively; , , and  are the
radius vector, momentum, and relativistic factor of a
model particle, respectively; the index i refers to the
ith model particle; and N is the number of model par�
ticles used in the numerical experiment.

The numerical scheme is based on the 3D modifi�
cation of the 2.5�dimensional scheme developed ear�
lier by us in [18] and consists in the integration of set
of equations (2)–(4) with the boundary conditions
corresponding to the perfectly conducting wall of the
interaction space. Maxwell’s equations in cylindrical
coordinates are solved in a standard way on mutually
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shifted space–time grids with a constant time step 
and constant steps , , and  over the longitudi�
nal, radial, and angular coordinates, respectively, on
each of which one of the field components is deter�
mined (see [49, 50, 52, 53] for details). The output of
the electromagnetic power is modeled using an
approach based on the filling of a segment of the elec�
trodynamic system (waveguide) L > z > 1.2L with a
conducting medium with the conductivity  [50, 54].

The relativistic equations of motion of model par�
ticles (see Eqs. (4)) are solved using the Boris algo�
rithm in cylindrical coordinates [55]. In this case,
three components of the velocity  of a charged parti�
cle (the longitudinal component , radial component

, and azimuthal component ) are calculated. The
space charge density  and current density  of
the REB are found using the standard procedure of

Δ t
Δz Δr Δθ

σ

v

zv

rv θv

ρ ,( )tr ,( )tj r

linear weighting on a grid (the cloud�in�cell (CIC)
method) in three cylindrical coordinates [50].

3. CONDITIONS AND MECHANISMS
OF VC FORMATION IN AN ANNULAR REB

3.1. Conditions of VC Formation 
and REB Critical Current for Different Magnitudes 

of the External Magnetic Field

Let us consider the specific features of VC forma�
tion in an annular REB by using the results of 3D fully
electromagnetic simulations. First of all, we will ana�
lyze how the conditions for VC formation in an annu�
lar REB vary as the magnitude of the external mag�
netic field  increases from 0 to 40 kG. The critical
current was defined as the current value above which a
reflected current produced by the beam electrons
reflected from the VC appeared in the system. Here, by
reflected electrons we mean electrons the longitudinal
velocity of which in a certain plane in the drift space
corresponding to the region of VC formation changes
its sign for the first time. In this case, the values of the
transmitted and reflected currents fluctuate in time
with a frequency proportional to the plasma frequency

 of the REB, i.e., an unsteady VC forms, the oscil�
lation frequency of which is determined by the REB
plasma frequency [1, 3, 14]. This leads to the excita�
tion of microwave electromagnetic waves at the VC
oscillation frequency, from which we also detected the
formation of an oscillating VC in the beam. This
allowed us to determine the instant of VC formation
and, accordingly, the REB critical current with a high
accuracy.

Figure 1a shows the REB critical current Icr at
which an unsteady VC forms in the system as a func�
tion of the external magnetic field  for different val�
ues of the energy  of the injected beam electrons.
These dependences reflect the conditions for VC for�
mation in an annular REB in a finite uniform external
magnetic field. For comparison, the inset in Fig. 1a
shows the corresponding values of the critical current
for a weakly relativistic annular beam, taken from [40,
43].

It can be seen from Fig. 1a that, in the range of

external magnetic fields from 0 to , there is a
region in which the REB critical current increases
with increasing external magnetic field (a typical
dependence of the REB critical current on the magni�
tude of the external magnetic field with characteristic
values of this field is shown in Fig. 1b). For ultrarela�
tivistic beams with electron energies of  MeV
(Fig. 1a; curves 3, 4), the critical current begins to
increase immediately at B0 > 0 . At lower energies of
injected electrons, the increase in the critical current

takes place for external magnetic fields of 
(Fig. 1a; curves 1, 2). If the electron beam is weakly
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relativistic (or nonrelativistic), such an increase in the
critical current is not observed at all (see the inset in
Fig. 1a) and the dependence  is monotonically
descending.

For greater magnitudes of the external magnetic

field, , the critical current decreases mono�
tonically with increasing  at any energy of injected

electrons (Fig. 1a), and, at , it saturates at a
relatively low constant level.

Let us compare the REB critical current in a strong
magnetic field (  kG), at which the dynamics of
the beam electrons can be considered practically one�
dimensional, with the limiting vacuum current
defined by formula (1). Figure 2 shows the REB criti�
cal current calculated at  kG for different val�
ues of the energy  of injected electrons (symbols)
and the current  calculated by analytic formula (1)
for a fully magnetized REB. It is seen that these
dependences are in good quantitative and qualitative
agreement, which indicates that the analytic and
numerical models correctly describe the REB behav�
ior in 3D geometry.

Thus, analysis of the behavior of the critical current
at which an unsteady oscillating VC forms in the REB
shows that a local minimum in the dependence of the
critical current on the external magnetic field appear

at a certain value of the magnetic field,  (see
Fig. 1a). Such behavior is not observed at small elec�
tron energies and takes place as the beam current
increases and electron energies become relativistic.

3.2. Physical Processes Resulting in VC Formation
in an REB at Low External Magnetic Fields

Analysis of the physical processes occurring in an
REB shows that the character of the dependences

 presented in Fig. 1a is determined by the influ�
ence of the REB magnetic self�field on the beam
dynamics and, accordingly, on the conditions of VC
formation. As a result, this effect is most clearly pro�
nounced at small values of the external magnetic field
and high energies of injected electrons,  MeV.

Let us consider this issue in more detail. Figures 3–
5 present typical configuration portraits of an REB—
projections of the instantaneous positions  of
model particles simulating the REB onto the longitu�
dinal (z, r) and transverse (r, θ) cross sections of the
interaction space—at beam currents close to the crit�
ical one ( ) and different characteristic val�
ues of the external magnetic field B0. Figure 3 corre�
sponds to the magnetic field value lying to the left from

the maximum of curve 1 in Fig. 1 ( ), Fig. 4
corresponds to the magnetic field lying near the local

maximum ( ), and Fig. 5 corresponds to the
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It turns out that, at sufficiently low external mag�

netic fields,  (see Fig. 1b), the electron
dynamics in an REB near the minimum of the poten�
tial (in the VC region) differs radically from that in the
case of a weakly relativistic or nonrelativistic beam. It
is found that, in this case, the electron beam is unsta�
ble in a wide range of REB currents, which leads to
both strong radial inhomogeneity of the electron beam
and loss of its azimuthal symmetry.

The instability of an initially axisymmetric beam is
caused by the strong magnetic self�field of the REB.
Indeed, the vector of the azimuthal magnetic self�field

 generated by the longitudinal beam current (i.e.,
the current produced by charged particles having the
longitudinal velocity component ) lies in the trans�
verse cross section of the interaction space [56]. At the
same time, since there is a significant transverse cur�
rent produced by electrons having the radial velocity
component  due to the incomplete suppression of
the beam radial divergence by the external magnetic

field, the longitudinal component  of the magnetic
self�field appears. This leads to an increase in the azi�
muthal Lorentz force acting on the beam electrons
moving in the transverse direction. As a result, they
acquire an azimuthal velocity; i.e., due to its magnetic
self�field, the REB begins to rotate as a whole about it
symmetry axis. In this case, due to the action of the
centrifugal force on the rotating electrons, a vortex
structure forms in the beam, which leads to strong azi�
muthal asymmetry of the beam and perturbation of the
beam boundary. Due to the onset of the beam instabil�
ity, the current escaping onto the wall of the interac�
tion space near the injection plane increases substan�
tially.
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Fig. 3. Projections of the instantaneous positions of model particles of an electron beam onto the planes (z, r) (on the left) and
(r, θ) (on the right) at z = 6 mm and successive instants of time with steps of Δt = 0.1 ns between the first and second frames and
Δt = 0.2 ns between the second and third frames for B = 3 kG, I = 7.5 kA, and We = 0.48 MeV. The particles situated behind the
projection plane are shown in the configuration portraits. The vertical dashed lines in Figs. 3a, 3c, and 3e denote the plane onto
which the positions of model particles in Figs. 3b, 3d, and 3f are projected.

The rotation of the resulting vortex structure in the
drift space can be traced by comparing the configura�
tion portraits of the beam in Figs. 3b, 3d, and 3f, cor�
responding to different instants . The cross section of
the interaction space in these figures corresponds to

 mm. It should be noted that the physical mech�

it

= 6sz

anism of the observed instability has much in common
with the well�known convective instability of a beam
that develops in a finite longitudinal external magnetic
field due to the radial inhomogeneity of the density
and velocity of the beam electrons [5, 57, 58]. In our
case, however, such an inhomogeneity arises due to the
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Fig. 4. Projections of the instantaneous positions of model particles of an electron beam onto the planes (z, r) (on the left) and
(r, θ) (on the right) at z = 6 mm and successive instants of time with a step of Δt = 0.2 ns between the frames for B = 5 kG, I =
9 kA, and We = 0.48 MeV. The particles situated behind the projection plane are shown in the configuration portraits. The vertical
dashed lines in Figs. 4a, 4c, and 4e denote the plane onto which the positions of model particles in Figs. 4b, 4d, and 4f are pro�
jected.

interaction of the REB with its self�field, rather than
with the external field.

The revealed instability of the REB leads to a
reduction in the critical beam current required for VC
formation due to a decrease in the longitudinal elec�

tron energy and an increase in the velocity scatter in
the interaction space. As a result, due to the large
number of electrons with low velocities, a VC forms in
the region where the vortex structure forms and where
the REB space charge is maximum. Figures 3a, 3c,
and 3e demonstrate a typical picture of the VC forma�
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Fig. 5. Projections of the instantaneous positions of model particles of an electron beam onto the planes (z, r) (on the left) and
(r, θ) (on the right) at z = 6 mm and successive instants of time with a step of Δt = 0.2 ns between the frames for B = 30 kG, I =
10 kA, and We = 0.48 MeV. The particles situated behind the projection plane are shown in the configuration portraits. The ver�
tical dashed lines in Figs. 5a, 5c, and 5e denote the plane onto which the positions of model particles in Figs. 5b, 5d, and 5f are
projected.

tion and REB dynamics in the plane (z, r) (θ = 0) in
this case. It can be seen that a VC (due to the higher
charge density, it manifests itself as the dark region in
the configuration portraits) forms near the injection
plane. It is spatially asymmetric and makes small�
amplitude longitudinal oscillations about its average
position (cf. Figs. 3a, 3c, 3e).

As the external magnetic field increases, azimuthal
instability is suppressed, because the focusing force of
the external magnetic field is directed oppositely to the
centrifugal force acting on rotating electrons. At elec�

tron energies on the order of  MeV, an
increase in the critical current takes place in the range

≈ . −0 4 0.7eW
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of external magnetic fields from  to  (see
Fig. 1a; curves 1, 2). At higher energies of the beam
electrons, such an increase takes place in the range

from 0 to  (Fig.1a; curves 3, 4). This effect is illus�
trated by Fig. 4, which is plotted for an external mag�

netic field of , which corresponds to the local
maximum in the dependence  (see Fig. 1a).
Indeed, as is seen from Figs. 4b, 4d, and 4f, the vortex
electron structure rotating in the azimuthal direction
is suppressed and the electrons fill the interaction
space without substantial azimuthal inhomogeneities.
In this regime, the space charge density decreases and
the critical current required for VC formation
increases. As is with the case of a lower magnetic field,
the REB rotates as a whole in the azimuthal direction
and the VC (observed as a dense bunch in Figs. 4a, 4c,
and 4e) executes oscillations about its average posi�
tion. It is worth noting that, in this case, the beam
electrons still continue to drift toward the side wall of
the interaction space, but this drift is restricted by the
increased force of the external focusing magnetic field.

As the external magnetic field increases further

( ), the critical REB current decreases mono�

tonically and then (at ) saturates at a con�

stant level. Such behavior at  is caused by the
suppression of the transverse dynamics of the beam
electrons by the focusing external magnetic field. As a
result, the critical current decreases due to an increase
in the space charge density in the REB. The value of

 corresponds to the external magnetic field at
which the REB transverse dynamics is suppressed com�
pletely. This mechanism is similar to the mechanism
revealed early in [40, 43] for a weakly relativistic beam
(see also the inset in Fig. 1a). It follows from Fig. 5 that,

in a strong external magnetic field ( ), the
transverse dynamics of charged particles is absent and
no widening of the beam in the radial direction takes
place.

The value of  can be found taking into account
that the external magnetic field in this mode is already
sufficiently strong and the magnetic self�field of the
REB can be ignored. Let a beam with the critical cur�
rent  and initial radius  have a typical radius 
in the VC region. Due to the action of the REB electric
self�field, we have . It is known [46] that the
angular momentum acquired by the beam electrons as
they propagate in a uniform external magnetic field
between points with the radii  and  is propor�
tional to the difference of the magnetic fluxes through
the corresponding cross sections of the surface formed
by the revolution of electrons about the beam axis,

(5)
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where  is the azimuthal electron velocity,  is the
electron charge�to�mass ratio, and  is the relativistic
factor of the injected beam. Taking into account rela�
tionship (5) and that the radial motion of the beam
electrons is determined by the centrifugal force

, the Coulomb repulsion force
, and the Lorentz force 

(where e and  are the electron charge and mass,
respectively; r is the radial coordinate of an electron;
and  is the radial component of the REB electric
self�field), we can write the dynamic equation for the
beam boundary,

(6)

where V0 is the accelerating voltage and it is taken into

account that .

This equation implies that there is a value of the

external magnetic field  at which the beam radius

is conserved. Indeed, if we set  in Eq. (6),
which means that the beam does not expand in the
radial direction, then we obtain a quadratic equation
with respect to , the solution of which yields the

value of the external magnetic field  at which the
dependence  saturates (see Fig. 1),

(7)

Figure 6 shows analytic dependence (7) and the

calculated values of  for an annular REB versus the
energy  of injected electrons. It can be seen that
dependence (7) agrees well with the simulations

results. The value of  increases with increasing
beam energy. This is caused by an increase in the elec�
tron inertia (the relativistic increase in the electron
mass) with increasing initial energy  of the beam
electrons. Therefore, the focusing of the beam elec�
trons by the external magnetic field (i.e., the suppres�
sion the REB transverse dynamics) requires greater
values of the external magnetic field, due to which Bmin

increases monotonically. It also follows from Fig. 6
that the behavior of the dependence  is quali�
tatively the same for both weakly relativistic and rela�
tivistic values of .

3.3. Physical Processes Occurring
at Different REB Energies

Comparison of curves 1 and 2 with curves 3 and 4
in Fig. 1a shows that there is a characteristic value of

the electron energy  above which the behavior of
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the dependence  within the interval 
changes qualitatively, namely, the range of  values in
which the critical current decreases with increasing
magnetic field disappears. Let us consider the physical
processes resulting in such a change in the system
behavior.

As the external magnetic field in the interval

 increases, the azimuthal instability of the
beam is suppressed, which leads to an increase in the
critical current. On the other hand, the transverse
dynamics of charged particles is also suppressed,
which leads to a decrease in the critical current. The
growth rate of azimuthal instability increases with
increasing initial electron energy , because the
Lorentz force responsible for this instability increases
in proportion to the squared velocity of the injected

beam:  ~ , where FL is the
Lorentz force and Bs is the REB magnetic self�field.
Therefore, an increase in the initial electron energy
accelerates azimuthal instability and favors the forma�
tion of a vortex structure. It follows from the aforesaid

that, at relatively small electron energies, ,
when the influence of azimuthal instability can be
ignored, an increase in the external magnetic field
leads to a reduction in the critical current due to the
suppression of the transverse dynamics of charged par�
ticles in the beam; then, the critical current increases
again due to the strong suppression of azimuthal insta�
bility (Fig. 1a; curves 1, 2). As the initial electron
energy increases, the influence of azimuthal instability
at low external magnetic fields also increases and
begins to play the governing role in the process of VC
formation. Therefore, suppression of azimuthal insta�
bility leads to a substantial increase in the REB critical
beam. As a result, the height of the maximum in the
dependence  (see Fig. 1a) increases with
increasing initial electron energy . This is clearly
seen from comparison of curves 1–4 in Fig. 1a, which

cr 0( )I B , max(0 )iB

0B

, max(0 )iB

eW

L 0
sF B∼ v ∼ ∼

2
0 0 0 eI Wv v

<
c

e eW W

cr 0( )I B

eW

correspond to progressively increasing values of  in
the range of relatively low magnetic fields.

At higher initial electron energies, 
(Fig. 1a; curves 3, 4), an increase in the external mag�

netic field in the range  immediately leads to
an increase in the critical current, because, in this
case, azimuthal instability is the main mechanism
resulting in VC formation. Even a partial suppression
of this instability by the external magnetic field leads to
an increase in the critical current. As a result, the crit�
ical current increases monotonically with increasing

magnetic field in the range .

Thus,  is the characteristic value of the initial
electron energy above which the relationship between
the physical processes occurring in the course of VC
formation in an REB at low external magnetic fields
changes. To illustrate this, let us consider the depen�
dence of the critical current as a function of the elec�
tron energy in the absence of an external magnetic
field,  (see Fig. 7). We can see that this depen�
dence has three characteristic sections. The first sec�
tion corresponds to REB energies in the range of 0–
0.6 MeV and exhibits a monotonic increase in the
REB critical current due to an increase in the depth of
the potential well required for electron deceleration
and VC formation. Such an increase in the depth of the
potential well is achieved due to an increase in the
space charge density of the beam at a fixed initial elec�
tron energy. In the second section of the dependence

, which corresponds to  MeV, the
REB critical current decreases monotonically with
increasing . This is caused by an increase in the
influence of azimuthal instability of the REB with
increasing . The growth rate of this instability is
proportional to the electron energy. The decrease in
the REB critical current caused by azimuthal instabil�
ity at large values of  and low values of the external
magnetic field prevails over the increase in  caused
by an increase in the depth of the potential well; as a
result, the REB critical current decreases with increas�
ing . In the third section of the dependence of the
critical REB current on  at  (We > 1 MeV), 
again increases monotonically with increasing .
Such behavior of the critical current at high REB
energies is caused by the strong influence of relativistic
effects (see Section 3.2). Indeed, at high initial elec�
tron energies, the process of VC formation in the REB
is significantly affected by the relativistic increase in
the electron mass. In this case, the formation of an
unsteady VC requires a higher space charge density,
due to which the REB critical current increases with
increasing initial electron energy .

Thus, the dependence of the REB critical current
on the initial electron energy at low external magnetic
fields exhibits a rather complicated behavior. This is
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Fig. 6. Comparison of the values of the external magnetic

field  determined by formula (1) (solid line) and cal�
culated by means of 3D numerical simulations (symbols)
for an annular REB vs. initial electron energy We.
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caused by the competition of different factors, such as
an increase in the critical current with increasing ini�
tial electron energy, azimuthal instability of the REB,
and the relativistic increase in the electron mass.

4. CONCLUSIONS

Summarizing the results obtained in this study, we
can conclude that the conditions and mechanisms of
VC formation in relativistic and ultrarelativistic elec�
tron beams have specific features making them differ�
ent from those in a weakly relativistic case. With the
help of 3D electromagnetic simulations, it is found
how the REB critical current at which an unsteady
oscillating VC forms in the system depends on the sys�
tem parameters (such as the magnitude of the external
magnetic field and the beam electron energy). It is
shown that, in the absence of an external focusing
magnetic field, the conditions for VC formation are
determined by the influence of the REB magnetic self�
field. Azimuthal instability of the electron beam
caused by the action of the REB magnetic self�field,
which leads to a decrease in the REB critical current,
has been revealed. This instability results in a reduc�
tion in the critical current at low external magnetic
fields and high energies of injected electrons. An
increase in the external longitudinal magnetic field
leads to the suppression of this type of azimuthal insta�
bility of the REB in the magnetic self�field and an
increase in the critical current. At strong external mag�
netic fields, the critical current decreases and then sat�
urates, as is the case with a nonrelativistic electron
beam [43]. The magnetic field at which the critical cur�
rent saturates is determined by analytic formula (7). In
this case, the current at which a VC forms in the system
agrees well with formula (1), obtained in the 1D
model.
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