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a b s t r a c t
In dynamical networks, the presence of adaptation establishing the relationship between the coherence
of local populations and unit’s effective coupling provides the explosive transition — an abrupt transition from incoherence to coherence and vice versa through the hysteresis loop. Explosive transition is
even possible under the coexistence of two opposite types of adaptation – interdependence and competition, wherein growing the competitive population dramatically narrows the area of hysteresis. Here,
we demonstrate that considering a mixed adaptive model from a multilayer perspective expands the
hysteresis region and shifts both forward and backward transition boundaries to the higher values of
coupling strength as compared with a monolayer case. We show that this is due to greater robustness of
the multilayer network against the intralayer topology and lower sensitivity to the ampliﬁcation of the
pre-bifurcation noise, i.e., spurious ﬂuctuations of local coherence, in the vicinity of a tipping point as
opposed to a single-layer network.
© 2021 Elsevier Ltd. All rights reserved.

1. Introduction
Onset and loss of synchronization in coupled oscillators are of
fundamental importance in understanding several emergent behaviors in natural and artiﬁcial systems [1]. Synchronization of networked phase oscillators has proven itself to be an important process in understanding the collective behavior of a variety of realworld complex systems ranging from physical to biological systems
[2].
The traditional route to coherence in complex networks implies
a smooth growth/reduction of a synchronized cluster under the increase/decrease of the coupling between the interconnected units.
On the opposite, explosive synchronization (ES) is the transition
of an ensemble of networked oscillators from incoherence to coherence, which is ﬁrst order, discontinuous and irreversible [3]. A
central feature of such explosive transitions is the hysteresis behavior at the transition to synchronization. This emergent behavior
was ﬁrst reported in Ref. [4], and till now, it has been paid a great
attention [5]. The discovery of such abrupt transitions has a vast
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signiﬁcance in real-world networks, including cascading failure of
power grids [6], epileptic seizures in the brain [7], etc.
Explosive synchronization of complex networked oscillators was
thought of as being rooted in the setting of speciﬁc microscopic
correlation features between the natural frequency and the unit’s
degree in scale-free (SF) networks [8,9] or the natural frequencies
of the oscillators and their effective coupling strengths [10–12].
This microscopic root in the setting of local correlation features
was veriﬁed in the experimental setup of networked chaotic circuits with a star-like topology [13]. However, in Refs. [14,15], the
authors show that ES occurs in adaptive single-layer and multilayer networks in the absence of such correlation properties. On
the contrary, they establish the necessary condition for ES, which is
a microscopic suppression (of any kind) of a global synchronization
cluster. Later, M. Danziger et al. present a dynamic dependency
framework that includes interdependence and competition rules
for interaction between dynamical systems and facilitates various
scenarios of explosive transitions [16].
Notably, the real networks do not always exhibit only cooperative or competitive types of adaptation, but it is likely that both
mechanisms are presented in the network. For example, in cortical
neural networks inhibitory (competitive) neurons coexist with excitatory (interdependent) ones, and their balance controls neuronal
synchrony [17–19]. Several recent papers explore dynamical net-
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works in the presence of attractive and repulsive coupling [20–22].
Moreover, X. Dai et al. [23] address the ES problem in populations
of cooperative and competitive phase oscillators. They achieve that
a relatively small fraction of competitor-units suppresses the hysteresis loop and switches the system to a continuous transition.
Besides, a growing literature evidences the constructive role
of multiplex architecture to induce explosive transitions in the
frequency-displaced [24], dissimilar [25], and phase-frustrated networks [26]. ES in multilayer networks is also yielded through the
coupling of excitatory and inhibitory layers [27],time-delayed coupling [28], interlayer adaptation [29,30], and interlayer Hebbian
plasticity [31]. It should be noteworthy that multilayer networks
were the subject of close attention of Prof. Vadim S. Anishchenko
and his team at Saratov State University. He has largely contributed
to this ﬁeld by the extensive analysis of coherence control via tuning interlayer couplings in multiplex networks [32–36].
In this work, we gather two opposite adaptive mechanisms in a
multilayer conﬁguration mainly to answer the following question:
How does multiplexing impacts ES in the network of coupled oscillators where interdependent and competitive interactions are simultaneously present? We demonstrate that the additional layer shifts both
forward and backward transition thresholds to the higher values
of coupling strength as compared with a monolayer model. Moreover, a bilayer network exhibits hysteresis loop at larger population of competitive units. We ﬁnd the explanation to the observed
phenomenon in the difference between the forms of the adaptive terms in the monolayer and bilayer networks. These adaptive
terms make the latter more robust against the spurious increases
of local coherence in the vicinity of the tipping point and, thus,
supports the discontinuity of the transition.

Fig. 1. (a) Illustration of a considered bilayer adaptive multiplex network with competitive (blue circles) and interdependent (red circles) units. Solid lines represent
intralayer links encoded by adjacency matrix A and dashed lines represent interlayer links between the replica nodes. (b) Hysteresis areas on the parameter plane
( f, λ ) in the case of monolayer (L = 1, blue), and bilayer (L = 2, red) networks.
Here, solid and dashed lines indicate approximate boundaries of forward and backward transitions. The inset reports the corresponding hysteresis width d versus f
for mono- (blue line) and bilayer (red line) networks. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of
this article.)

2. Mathematical model
We consider a bilayer (L = 2) multiplex network having N Kuramoto phase oscillators in each layer (Fig. 1a) and compare its dynamics with a similar monolayer (L = 1) network.
We begin a model description with a monolayer problem. Following Ref. [23], phase oscillators in a monolayer network with the
mixing of interdependent and competitive units evolve in time as

θ˙ i,1 = ωi,1 + λDi

N


Ai j sin(θ j,1 − θi,1 ),

where subscripts 1 and 2 correspond to layer-1 and its replica,
layer-2, respectively. Notably, in a bilayer case, Di2→1 and Di1→2 deﬁne the nature of interlayer interaction, so that the adaptive parameter is controlled by the local order parameter of the replica
unit from the opposite layer. In other words, for a competitive
fraction f we deﬁne Di2→1 = 1 − ri,2 and Di1→2 = 1 − ri,1 , while for
remaining (interdependent) fraction (1 − f ) the adaptive rule is
given by Di2→1 = ri,2 and Di1→2 = ri,1 . For simplicity of the analysis, we assume that the layers of considered multiplex network
have the same architecture A1,2 = A and natural frequency distributions.
To evaluate macroscopic phase coherence of the network layers
we use averaged global order parameter deﬁned as

(1)

j=1

where θi,1 and ωi,1 , i = 1, 2, . . . , N represent instantaneous phase
and natural frequency of the ith oscillator. The adjacency matrix
A encodes the underlying network architecture, where Ai j = 1, if
the nodes are connected, otherwise, Ai j = 0, and λ depicts overall coupling strength. The degree of the ith node is denoted by

ki,1 and is deﬁned as ki,1 = Nj=1 Ai j . We estimate spatial coherence of the local populations via complex local order parameter

ri,1 exp(ii,1 ) = 1/ki,1 j=1 Ai j exp(iθ j,1 ), such that ri,1 ∈ [0, 1] and
i,1 being an average phase of the local population ki,1 .
The main feature of Eq. (1) is the presence of adaptive parameter Di . Being the function of the local order parameter, Di accounts for the nature of the dynamical dependence between the
ith unit and its neighbours. Since we consider coexistence of two
adaptive mechanisms, we randomly choose a fraction of nodes f
and adjust for all of them a competitive adaptation, which implies
Di = 1 − ri,1 . The remaining fraction (1 − f ) follows an interdependent rule, i.e., Di = ri,1 .
Next, we introduce multiplexing by rewriting Eq. 1 in a bilayer
fashion as

θ˙ i,1
θ˙ i,2


= ωi,1 + λDi2→1 Nj=1 Ai j,1 sin(θ j,1 − θi,1 ),

= ωi,2 + λDi1→2 Nj=1 Ai j,2 sin(θ j,2 − θi,2 ),

R1,2 =

1

tmax  
N



N (tmax − ttr ) t=t

tr






eiθ j,{1,2} (t ) ,

(3)

j=1

where tmax and ttr are maximal simulation time and duration of
the transient period presented in the number of iterations.
In our numerical simulations [37] fully conducted in Julia programming language, we consider each layer as a random Erdös-Rényi (ER) network sized N = 103 with mean degree

k{1,2} = 1/N Ni=1 ki,{1,2} = 12. ER adjacency matrix is generated
via MatrixDepot package. Natural frequencies ωi,{1,2} of interacting oscillators are drawn uniformly from the range [−1, 1].
Initial phases θi,{1,2} are distributed homogeneously within the
range [0, 2π ). We integrate Eqs. (1) and (2) numerically us-

(2)
2
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Fig. 2. Histograms P (κi ) over the interdependent units at different values of the
competitive fraction size f . The inset illustrates the mode[P (κi )] versus f . The critical values of f below which the mono- and bilayer networks exhibit ES according
to Fig. 1b are shown in the inset with dashed vertical lines colored in blue and red,
respectively. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

ing the 4-order Runge-Kutta (RK4) method implemented in the
DifferentialEquations solver [38] with ﬁxed time step dt =
10−2 time units, maximal simulation time tmax = 1.5 × 106 iterations, and transient period ttr = 1.2 × 106 iterations. To capture ES
and associated hysteresis loop for each value of f we increased
(decreased) overall coupling strength λ within the range [0.1,0.25]
with increment (decrement) δλ = 2.5 × 10−3 .

Fig. 3. Bilayer network versus Monolayer network. (a) Slices of forward (fw, triangles) and backward (bw, circles) transitions versus the competition fraction size f in
bilayer (red) and monolayer (blue) networks for λ = 0.205. Scatterplots (b)-(c) report the effective coupling λDi at t = tmax versus the unit’s index for monolayer (left
column) and bilayer (right column) networks during backward (b) and forward (c)
transitions for f = 0.23 and λ = 0.205. Here, interdependent and competitive nodes
are presented by red and blue dots, respectively. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this
article.)

3. Results
We ﬁnd that in the adaptive network with coexisting competitive and interdependent units, multiplexing expands the area of
hysteresis on the parameter plane ( f, λ ) compared with a monolayer case (L = 1) as displayed by Fig. 1b. In a bilayer multiplex
network, ES is observed for a larger size of a competitive population, and the forward transition boundary is shifted to higher values of the coupling strength λ. At the same time, the width of the
hysteresis loop is approximately the same in both mono- and bilayer networks for f < 0.2. To access the impact of multiplexing on
ES in this system we discuss the microscopic properties of individual nodes during the phase transitions in both mono- and bilayer
networks.
Let us start the analysis by considering the topological properties of individual network nodes. As known from Refs. [14,23], the
interdependent network fraction is vital for ES, and reduction of
its population underlies transition to continuity by suppressing the
hysteresis loop. Therefore, the nodes strongly connected with interdependent population are supposed to form a core group contributing to discontinuity. To measure node’s coupling with the interdependent population we introduce the following quantity:

κi =



j∈{1,2,..., f N}

Ai j −



Ai j ,

robust to the loss of connectivity within the interdependent fraction as opposed to the monolayer model.
We now proceed by explicitly considering the relation between
macroscopic network state and microscopic properties of individual units. We are mainly interested in the area of the parameter plane ( f, λ) where a bilayer network exhibits larger hysteresis region. Fig. 3a reports the changes in macroscopic network
states of the mono- and bilayer models under the variation of f at
ﬁxed λ = 0.205 during forward and backward transitions. One can
see that in the monolayer network ES is suppressed as competitive fraction size f exceeds a critical value of 0.16. For f > 0.16,
a monolayer model converges to a partially coherent state during
both forward and backward transitions. A bilayer network, in turn,
facilitates coherent state at larger size of the competitive population up to f = 0.3. Then the bilayer network exhibits turbulent behaviour abruptly. However, for the backward transitions it remains
in incoherent state. To draw the difference between the mono- and
bilayer models we focus our attention on the area 0.16 < f < 0.3
and for deﬁniteness ﬁx f = 0.23. Fig. 3b and c present the effective coupling strength λDi versus the unit’s index in the monolayer
network (left) and layer-1 of the bilayer network (right) for backward and forward transitions, respectively. As seen from Fig. 3b,
during the backward transition both models demonstrate similar
distribution of λDi : the fraction of interdependent units (red dots)
dominates over the competitive ones (blue dots) due to higher values of effective coupling. In turn, different behaviors are observed
in the case of forward transition (Fig. 3c). While the monolayer
network remains partially coherent in terms of macroscopic state
with the dominance of interdependent population, the opposite
situation is observed in a bilayer model, where macroscopic incoherence is supported by a strongly coupled competitive fraction.

(4)

j∈{ f N+1, f N+2,...,N}

which implies for the ith unit the difference between the number
of connections with interdependent and competitive populations.
Fig. 2 shows the histograms P (κi ) over the interdependent nodes
for different values of the competitive fraction size f . It is seen that
with increasing f the histogram P (κi ) shifts to the lower values
indicating that the number of links between the ith unit and the
interdependent fraction nodes decreases with growing f . Notably,
ES vanishes in the monolayer network as mode[P (κi )] ≤ k/2 = 6
and in the bilayer network as mode[P (κi )] ≤ k/3 = 4. We conclude from the above that the bilayer multiplex network is more
3
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It follows from Eq. (5) that in a rewritten form an effective
coupling term for a monolayer model is proportional to a squared
local order parameter of the current layer ri,21 . It implies that sufﬁciently large spurious ﬂuctuations of local coherence would selfconsistently boost their growth through the increase of the unit’s
effective coupling term. In turn, as seen from Eq. (6), an effective
coupling term in a bilayer network depends on the product of local
order parameters on the current and the opposite layers ri,1 ri,2 . In
this case, the gain of effective coupling is possible only under the
simultaneous increase of the local coherence in both current population and its replica on the opposite layer. It means that such form
of interdependence between the layers is less sensitive to the random ﬂuctuations of local coherence as compared with a monolayer
model. Thus, we conclude that precisely the mutual dependence
between the layer in a multiplex model forces the maintaining of
incoherence and by this supports discontinuity in a wider range of
system’s control parameters as opposed to a monolayer case.

Fig. 4. (a) Time-series of order parameter averaged over the interdependent population rI,1 (t ) of the monolayer network (blue) and layer-1 of the bilayer network
(red) for f = 0.23 and λ = 0.205. Black dashed line indicates the 99th percentile of
R in the monolayer network before the transition to coherence, i.e., at the time interval 0–400 time units. (b) Boxplots of global order parameter values at the time
interval 0-400 time units in the monolayer network (blue) and layer-1 of the bilayer
network (red). Here, ‘∗ ∗ ∗ ∗ ’ reports the signiﬁcance level of p < 0.0 0 01 via unpaired
t-test. (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this article.)

4. Conclusion
As reported in the previous papers [14,15], the presence of any
factor suppressing the formation of a large coherent cluster provides the conditions for ES in complex networks. Speciﬁcally, the
interdependent adaptive rule, i.e., the relationship between effective coupling and local order parameter, is proven to be one of
them. Further, it has been shown that explosive transition may be
found even under mixing of two opposite adaptive mechanisms
– interdependence and competition – within a complex network
[23]. Here, we evidence that multilayer architecture expands the
area of hysteresis associated with ES in such mixed adaptive models. First, we obtain that the suppression of ES in the mixed adaptive model is related to the loss of the connectivity within an interdependent fraction, which is a core population supporting discontinuity, and the multilayer network is more robust against this
factor as compared with a monolayer one. Second, we achieve the
shift of ES thresholds to the higher values of coupling strength and
maintenance of hysteresis at a larger size of competitive fraction in
the multilayer network. We establish that this is due to a higher
sensitivity of a monolayer network to a pre-bifurcation noise ampliﬁcation in the vicinity of a tipping point as compared to a multilayer case.
A considered model with coexisting interdependent and competitive mechanisms of adaptation has a certain degree of similarity with real networks. For instance, the local neuronal population of the brain cortex is known to be comprised of excitatory
(cooperative) and inhibitory (competitive) neurons [17–19]. Despite
a small proportion, the inhibitory neurons are vital in the regulation of neuronal coherence. We expect that our results may be of a
certain value in understanding the properties of activation in neuronal ensembles under the inﬂuence of factors varying the inhibition level.

Thus, we conclude that adaptation through the multiplexing contributes greater to the suppression of coherence in the interdependent population. Therefore, it provides an ES-associated hysteresis
loop in the bilayer network in those conditions in which it is not
observed in a monolayer case.
We extend our understanding of the effect of multiplexing by
considering corresponding time-series of the averaged local order
parameter over the interdependent population in the monolayer
network and layer-1 of the bilayer model deﬁned as

rI,1 (t ) =

1
( 1 − f )N



r j,1 (t ).

j∈{ f N+1, f N+2,...,N}

Fig. 4a shows that the interdependent population of monolayer
network undergoes an abrupt transition to coherence at approximately 400 time units, while the same group in the layer-1 of bilayaer network remains long-term incoherent. As both networks at
λ = 0.205 and f = 0.23 are in the vicinity of a tipping point, they
exhibit a pre-bifurcation noise ampliﬁcation [39], or ﬂuctuations of
local coherence rI,1 . At the same time, as displayed by Fig. 4b, the
level of rI,1 preceeding the transition is signiﬁcantly higher in the
monolayer network than in the layer-1 of the bilayer network over
the same time period. Also, the number of outliers in rI,1 distribution, or rare random events of local coherence increase, is larger
in the monolayer network as compared with the bilayer model.
Notably, a globally coherent state is developed from one of such
events. Based on the above, we suggest that the adaptation mechanism in a monolayer network contributes greater to amplifying
such random short-term ﬂuctuations of coherence as opposed to a
bilayer model.
Indeed, taking into account the complex form of local or
der parameter ri,1 exp(i1 ) = 1/ki,1 Nj=1 Ai j exp(iθ j,1 ) and rewriting Eq. (1) for the interdependent units in a monolayer network,
we obtain:

θ˙ i,1 = ωi,1 + λki,1 ri,21 sin(1 − θi,1 ).
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