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Abstract—The development and interaction of Bursian and diocotron instabilities in an annular relativistic
electron beam propagating in a cylindrical drift chamber are investigated analytically and numerically as
functions of the beam wall thickness and the magnitude of the external uniform magnetic field. It is found
that the interaction of instabilities results in the formation of a virtual cathode with a complicated rotating
helical structure and several reflection regions (electron bunches) in the azimuthal direction. It is shown that
the number of electron bunches in the azimuthal direction increases with decreasing beam wall thickness and
depends in a complicated manner on the magnitude of the external magnetic field.
DOI: 10.1134/S1063780X17030047

1. INTRODUCTION
Relativistic electron beams (REBs) are of considerable interest for modern high-power electronics.
Active studies of the processes of REB transport and
different types of REB instabilities are motivated, first
of all, by the wide scope of REB applications. Intense
charged particle beams are used in many modern
oscillators and amplifiers of microwave and terahertz
ranges [1–5], such as gyrotrons, vircators, relativistic
traveling wave tubes, backward wave tubes, magnetrons, and free-electron lasers. Propagating in the drift
space, REBs often demonstrate complicated space
charge dynamics, resulting in the formation of electron structures [6–11]. Under certain conditions, various types of instabilities (diocotron, slipping, Pierce,
Bursian, and others) can develop in the REB [12–18].
Bursian instability develops when an electron beam
with a current density exceeding a certain critical value
propagates in the vacuum drift chamber. This instability imposes restrictions on the maximum current that
can be transported through the equipotential drift
space [19–23] and also leads to the appearance of a
nonstationary virtual cathode (VC), the intense oscillations of which are utilized in a whole class of highpower microwave devices—VC-based oscillators and
amplifiers (vircators) [1, 24–33]. Bursian instability is
caused by a local decrease in the beam potential under
the action of the beam space charge. In the course of
diocotron instability, the nonuniformity of the current

density (or velocity) in an annular electron beam leads
to the appearance of electrical fields and electron drift,
which, in turn, results in the amplification of the nonuniformity and fragmentation of the beam into current
filaments [34–39]. In particular, diocotron instability
can lead to the appearance of vortex and helical structures in the beam, which can negatively affect the
operation of a high-power electrovacuum or beamplasma device.
Many theoretical and experimental works [17, 40–
45] were concerned with the physical processes occurring in an REB during the development of instabilities.
Nevertheless, the problem of the interaction and coexistence of different instabilities that can simultaneously develop in the REB under certain conditions still
remains poorly studied. Therefore, this work is
devoted to the study of interaction between Bursian
and diocotron instabilities in an annular REB. Special
attention is paid to the effect of the beam wall thickness on the dynamics of the system. We note that, in
addition to their fundamental importance, such studies are obviously of practical importance, because
information on the processes occurring in the REB
during these instabilities can be used to develop new
types of high-power microwave and terahertz oscillators and amplifiers, as well as to optimize the existing
ones.
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2. MODEL

1

To numerically study the nonstationary processes
of electron−wave interaction in a beam−plasma system, we used the CST Particle Studio software
intended for 3D electromagnetic simulations by the
method of large particles, which was previously successfully employed in solving various problems of
microwave electronics and plasma physics [46]. In the
CST Particle Studio package, the excited electromagnetic fields are calculated by solving 3D Maxwell’s
equations. The CST Particle Studio allows one to perform reliable numerical simulations of electronic
devices with a high accuracy [32, 45, 47–52]. Due to
the advanced methods employed in this package, it
can be regarded as an efficient and universal instrument supplementing experimental research.
To study the processes occurring in a relativistic
vircator, we used the following model (Fig. 1). The
system consists of perfectly conducting cylindrical
drift chamber 1 of length L and radius R with an emitter on the left side and coaxial waveguide port 3 on the
right side. Axisymmetric monovelocity annular REB 4
with the current I , initial electron energy W e (in this
work, it was set at 850 keV), outer radius Rb , and wall
thickness d is injected into the system. The beam electrons escape from the drift space onto collector 5 and
the side walls of the waveguide. In this work, the simulations were performed for the following geometrical
parameters of the system: L = 45 mm, R = 10 mm,
and Rb = 5 mm. The resonance properties of the electrodynamic system are weakly pronounced, because
the system dimensions are much larger that the wavelength of the mode at the fundamental frequency of
the vircator. The external uniform magnetic field B0 is
applied along the waveguide axis. It is assumed that
the REB injected into the system is formed using a
magnetically insulated diode [53]. The total duration
of the flat-top current pulse with the amplitude I 0 and
a rise time of τ = 1 ns is T = 100 ns. In these simulations, we have studied the spatiotemporal structures
formed in the REB and the distributions of the space
charge and current density as functions of the beam
wall thickness d and the external magnetic field B0 .
3. ANALYSIS OF THE INTERACTION
BETWEEN BURSIAN AND DIOCOTRON
INSTABILITIES
If I 0 > i(t ) > I cr (where I 0 is the maximum current, i(t ) is the instantaneous current value, and I cr is
the critical current), then Bursian instability begins to
develop in the system and a nonstationary VC forms,
which is usually characterized by a complicated spatiotemporal dynamics [20, 21, 29, 50–52, 54–59].
Simultaneously, the strong magnetic self-field of the
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Fig. 1. Scheme of the model: (1) cylindrical drift chamber,
(2) REB injection plane, (3) coaxial waveguide port,
(4) monovelocity annular REB, and (5) cylindrical collector.

REB creates conditions for the onset of diocotron
instability even in the absence of an external magnetic
field [45].
We have thoroughly analyzed specific features of
VC formation within the above relativistic vircator
model. It is found that, before VC formation, the configuration of the high-order eigenmode excited in the
system is such that it causes azimuthal rotation of the
beam. In this case, one part of the electron beam
rotates clockwise over the azimuth, while the other
rotates counterclockwise [45]. As a result, in the azimuthal region where the electron flows move towards
one another, the initial perturbation of the space
charge density increases. This, in turn, leads to the
onset of diocotron instability and the subsequent filamentation of the beam.
It is worth noting that the formation of a VC in the
REB favors the onset of diocotron instability due to
the accumulation of the space charge in the VC region,
which leads to a substantial increase in the initial azimuthal perturbation of the space charge density in
and, as a consequence, to the formation of a pronounced electron bunch in a certain azimuthal region
in the plane perpendicular to the REB propagation
direction (the XY plane).
Due to the formation of the electron bunch (structure) in the azimuthal direction, the beam is reflected
back to the injection plane nonuniformly over the azimuth, most electrons being reflected from the region
with the increased space charge density, i.e., from the
region of the formed bunch, where the local decrease
in the potential is maximum. We note that, simultaneously with the appearance of the first reflection, the
electron structure and the region of electron reflection
begin to rotate in the azimuthal direction due to the
presence of the longitudinal magnetic field. As the
beam current i(t ) increases further, the bunch charge
grows and, at a certain critical value at which the
focusing forces can no longer compensate for the
increased Coulomb repulsion forces, the bunch is
divided into two bunches, thereby reducing the charge
accumulated in each bunch. This makes the new REB
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Fig. 2. Distribution of the space charge density in the XY plane superimposed with the vector field of electron beam velocities.
The inset shows the enlarged fragment of the bunch region. The external magnetic field is B0 = 1 . 85 T, and the beam wall thickness is d = 3 mm.

configuration stable in the azimuthal direction. If the
current continues to grow, the formed structure
becomes unstable again and the new separation of
bunches occurs.
Let us examine the REB dynamics in the VC region
in more detail. Figure 2 shows the distribution of the
space charge density in the XY plane, superimposed
with the vector field of electron flow velocities. The
shades of gray show the value of the space charge density: the darker regions correspond to the higher space
charge density. The arrows show the rotation directions of electron bunches. It is seen from Fig. 2 that,
for the given parameters of the system, two electron
bunches form in the azimuthal direction. The electron
motion in the bunch region (see the enlarged fragment
on the right of Fig. 2) is such that, on one side (on the
bottom of the fragment), the electrons recede and the
space charge density decreases, whereas on the other
side, the electrons move toward one another and the
space charge density increases. As a result, the
bunches begin to rotate in the azimuthal direction.
We have paid special attention to the effect of the
beam wall thickness d and the external magnetic field
B0 on the simultaneous development and interaction
of Bursian and diocotron instabilities. The beam wall
thickness d was varied from 0 . 4 to 4 mm, while the
external magnetic field B0 was varied from 0 to 2 T. It
is found that, in this parameter range, from two to nine
electron bunches rotating in the azimuthal direction
can form in the beam. To illustrate typical regimes of
the REB dynamics with developed Bursian and diocotron instabilities, Fig. 3 shows the distributions of
the space charge density in the VC region in the XY
plane and the corresponding beam configuration portraits, demonstrating the distributions of the electron
energy. We note that each bunch periodically dumps

its charge, due to which electron filaments stretched
along the beam axis form in the system. In the course
of the further beam propagation and rotation the drift
space, these filaments transform into a characteristic
helical structure.
To more thoroughly analyze the processes occurring in the REB during the simultaneous development
of Bursian and diocotron instabilities, we divided the
(d, B0) plane (beam wall thickness vs. external magnetic field) into regions corresponding to different
numbers of electron bunches formed in the REB (see
Fig. 4). It is seen from Fig. 4 that, at certain values of
the beam wall thickness, the REB dynamics changes
abruptly, namely, as d decreases, the number of the
formed electron bunches increases from two to nine
via a sequence of stepwise transformations of dynamic
regimes. We note that the smaller the beam wall thickness d , the lesser variation in d is required for switching between the regimes. It is also seen that the effect
of the external magnetic field is more complicated and
its variation can lead to an increase or a decrease in the
number of electron structures formed in the REB.

To better understand how the physical processes
occurring in the REB depend on the parameters d and
B0, let us consider a simplified model that qualitatively
describes the dynamics of the system. We represent
electron bunches as point charges with the same
charge −q (q > 0 is the absolute value of the charge)
arranged uniformly along the azimuth and rotating
with the frequency ω over a circle of radius
Rm = Rb − d /2 around the axis of the drift space.
Then, in the laboratory frame, each charge experiences the centripetal acceleration a = Rmω2 under the
action of the Lorentz force FL = q(N )Rmω B0 and is
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Fig. 3. (Color online) Distributions of the space charge density in the XY plane in the VC region and the corresponding configuration portraits of the beam for modes with different numbers N of electron bunches: (а) N = 3 (at B0 = 0 T and d = 2 . 5 mm),
(b) N = 4 ( B0 = 0 T, d = 1 . 5 mm), (c) N = 5 ( B0 = 0 T, d = 1 mm), and (d) N = 6 ( B0 = 0 T, d = 0 . 5 mm).
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The dependence in Fig. 5 is plotted for parameters corre-
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is the electric field created by the other charges. Here,
N is the number of electron bunches, k is the proportionality coefficient (in SI units), and δ is the delta
function.
Thus, we obtain the equation

(

)

(2)
q(N )Rmω B0 − q(N )E r (N ) = mRmω2,
where m is the mass of the point charge.
Using Eqs. (1) and (2), we find the equilibrium
charge q eq of an individual bunch at which the system
of point charges rotates uniformly,
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regimes with N = 2 − 5 .
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1.85
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where E r' (N ) = E r (N )(Rb − d /2)2 / q(N ) .
Let us now consider how q eq (N , d ) varies with
decreasing beam wall thickness d at fixed values of ω
and B0 = 1 . 85 T. On one hand, it is seen from expression (3) that a decrease in d leads to an increase in the
equilibrium charge; on the other hand, it follows from
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Fig. 5. (a) Critical value of the bunch charge qcr (N ) normalized to qcr (N = 2) as a function of the number of
bunches N . (b) Critical value of the unperturbed space
cr
charge density ρ cr
0 (N ) normalized to ρ 0 (N = 2) (solid
line) and critical value of the space charge density in the
cr
bunch ρ cr
b (N ) normalized to ρ b (N = 2) (dashed line) as
functions of the number of electron bunches N . The external magnetic field in both panels is B0 = 1 . 85 T.

Fig. 4 that, at a certain critical value d Ncr , the number
of electron bunches N increases and, as a result (see
expression (3)), E r'(N ) increases, while q eq (N , d )
decreases. We introduce the critical (maximum)
charge q cr (N ) for each regime and consider how its
ratio to the critical charge at N = 2 varies when
switching between regimes with different N ,

q cr (N )
(R − d N /2) E r' (N = 2)
= b
.
cr
3
q cr (N = 2)
'
E (N )(R − d /2)
cr

r

3

b

(4)

N =2

Ratio (4) as a function of N is shown in Fig. 5а.
When plotting this dependence, the critical beam
wall thickness d Ncr was taken from numerical simulations (see Fig. 4). The ratio q cr (N )/ q cr (N = 2) shows
how much the value of the critical equilibrium charge
varies when switching from the regime with N = 2 to
a regime with N bunches due to a decrease in d . It follows from Fig. 5а that the critical charge q cr (N )
decreases monotonically with increasing number of
bunches N . Thus, a change in the number of electron
bunches N more strongly affects the value of the equiPLASMA PHYSICS REPORTS

Vol. 43

No. 3

2017

SIMULATION OF THE DEVELOPMENT AND INTERACTION

librium charge than a change in the beam wall thickness d .
We note that, as the beam wall thickness decreases,
the space charge density in the unperturbed REB (i.e.,
its density at the point of injection into the system
ρ 0(d ) = I 0 /(π(2Rbd − d 2 )v ), where v is the initial
beam velocity and I 0 is the injection current)
increases, which, in turn, leads to an increase in the
average space charge density in the VC region and,
consequently, in the space charge density in the
bunches themselves (ρ b (d ) ), because ρ 0(d ) ∼ ρ b (d ) .
By analogy with the earlier introduced critical charge
q cr (N , d Ncr ), we introduce the critical space charge
density of the unperturbed REB for each regime,
cr
cr
ρ cr
0 (N ) = ρ 0 (d N ) (the maximum space charge density
of the injected REB for the regime with N bunches),
and the critical space charge density in the bunches
cr
cr
themselves, ρ cr
b (N ) = ρ b (d N ) . Let us consider how
these critical densities vary when switching between
the regimes. To this end, we normalize the densities
cr
cr
cr
cr
cr
cr
cr
ρ cr
0 (d N ) and ρ b (d N ) to ρ 0 (d 2 ) and ρ b (d 2 ), respectively. Thus, the change in the critical value of the
space charge density of the unperturbed REB is determined by the expression

ρ 0 (d N ) d 2 (2Rb − d 2 )
= cr
,
cr
cr
cr
ρ 0 (d 2 ) d N (2Rb − d N )
cr

cr

cr

cr

(5)

where the critical value of the beam wall thickness d Ncr
is found from numerical simulations. For the change
in the critical space charge density of the bunches, we
have

ρ b (d N ) q cr (N , d N )V b (N = 2, d 2 )
=
.
cr
cr
cr
cr
ρ b (d 2 ) V b (N , d N )q cr (N = 2, d 2 )
cr

cr

cr

cr

(6)

Here, V b is the bunch volume, which is proportional to the beam wall thickness d and the bunch
length in the azimuthal direction Rmδϕ , where δϕ is
the angular size of the bunch. The angular size of the
bunch is inversely proportional to the number of
bunches N (δϕ ∼ 1/ N ), because they are distributed
uniformly over the azimuth. This, for the bunch volume, we obtain

d N (Rb − d N /2)
(7)
.
N
Using expressions (3), (6), and (7), we obtain the following expression for the critical space charge density
in the bunches:
cr

cr

Vb ∼

cr
ρ cr
(Rb − 1/ d Ncr )2 d 2cr NE r' (2)
b (d N )
.
∼
cr
ρ cr
(Rb − 1/ d 2cr ) 2 d Ncr 2E r' (N )
b (d 2 )

(8)

Figure 5b shows how the critical space charge density
in the unperturbed REB (solid line) and the critical
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space charge density in the bunches (dashed line)
depend on the number N of bunches (from 2 to 6).
When plotting these dependences, the critical beam
wall thickness d Ncr was taken from numerical simulations (see Fig. 4, B0 = 1 . 85 T). It is seen that both critical space charge densities increase with increasing
number of bunches N. At N > 4 , the dependences are
close to linear. We note that both dependences almost
coincide, which confirms the correctness of our
model.
Summarizing the aforesaid, we may conclude that,
as the beam wall thickness d decreases, the space
charge density in the VC region increases and, at a certain critical value at which the repulsion forces become
higher than the focusing forces, the balance of forces
is violated, the bunches split up, and the charge is
redistributed among the large number of bunches. As
the number of bunches increases, the average charge
of the bunch decreases and the balance of forces is
restored. The fragmentation of bunches and the
decrease in the charge of each bunch make the new
configuration stable, which agrees with the model
described above.
Let us now consider how the increase in the magnetic field affects the processes occurring in the REB.
On one hand, an increase in the magnetic field results
in the compression (focusing) of the beam, which
leads to an increase in the space adopted model, the
focusing Lorentz force confining the bunches also
increases with increasing magnetic field. The space
charge density in the bunches depends nonlinearly on
the external magnetic field (the space charge density
increases rapidly at low magnetic fields and saturates
at strong magnetic fields), while the Lorentz force
within our model increases linearly with increasing B0
(see Eq. (2)). It is also worth noting that the form of
the dependence ρ(B0 ) differs for different d and the
space charge density increases faster with increasing
magnetic field at smaller d . The complicated behavior
of regimes with different numbers of bunches under
variations in the external magnetic field can be
explained by the competition of the above processes.
Thus, for d in the range of 0.4−0.5 mm, the number of electron bunches first increases with increasing
magnetic field and, then, decreases (see Fig. 4). This
can be explained as follows. As the external magnetic
field increases, the Coulomb repulsion forces between
bunches grow due to the increase in their charges
faster than the Lorentz force confining the electron
bunches rises. At a certain critical value of the magnetic field, the Coulomb forces increase so much that
they cannot longer be balanced by the focusing
Lorentz forces. Then, the number of bunches
increases and the charge is redistributed among them,
due to which the average charge of the bunch
decreases and the new configuration becomes stable.
As the magnetic field increases further, the Coulomb
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forces increases more slowly due to a decrease in the
derivative of the function ρ(B ) , while the Lorentz
force continues to grow linearly. As a result, at a certain value of the magnetic field, the Lorentz forces
become stronger than the Coulomb forces for the
given REB configuration. In this case, fragmentation
of bunches caused by the development of instabilities
terminates earlier than at lower values of the external
magnetic field, because the force balance is satisfied at
a lower number of bunches, which agrees with the map
of regimes in Fig. 4.
At large d (d > 2 . 8 mm), the number of electron
bunches decreases with increasing external magnetic
field, because the balance of forces in this case is
reached at a lower number of bunches. It is worth noting the following feature: at d > 3 . 5 mm, the magnetic
field at which the number of bunches begins to
decrease coincides with the magnetic field at which
the equilibrium radius of the electron beam Req
becomes equal to the radius of the drift tubeR . The
magnetic field at which Req = R can be found by analyzing electron motion with allowance for the balance
of forces [52],

B(Req ) = Req

πε 0η

3/ 2

2I 0 γ 30/ 2
,
4
4
V 0(Req − Rb )

(9)

where V 0 is the accelerating voltage, η is the specific
electron charge, γ 0 is the relativistic factor of the
injected beam.
Setting Req = 10 mm in expression (9), we obtain
B(Req = R) ≈ 1 . 31 T, which agrees well with the map
of regimes in Fig. 4.
We note that, at the boundary between the regimes,
the system demonstrates a hysteresis: depending on
the initial conditions, regimes with different numbers
of electron bunches corresponding to one of neighboring domains in the map of regimes can be established
due to the development of instabilities (see [60] for
details).
4. CONCLUSIONS
The dynamics of an annular REB with a VC has
been studied numerically by using the CST Particle
Studio software package. It is found that, in an annular
REB with a supercritical current, Bursian and diocotron instabilities can develop simultaneously. The
development of Bursian instability favors the development of diocotron instability due to the increase in the
space charge density near the beam injection caused
by the deceleration of the beam and the formation of a
VC. Due to the interaction between instabilities, the
VC acquires a complicated azimuthal structure consisting of electron bunches rotating in the azimuthal
direction, which serve as reflection regions. The rotation of bunches results in the formation of a helical

electron structure stretched along the drift space. The
effect of the beam wall thickness and the external magnetic field on the interaction between instabilities has
also been analyzed. It is shown that a decrease in the
beam wall thickness d leads to an increase in the number of electron bunches rotating in the azimuthal
direction (in this work, regimes with the maximum
number of bunches N = 9 were observed) due to the
increase in the space charge density. The effect of the
external magnetic field is more complicated and can
lead to an increase or a decrease in the number of
bunches in the azimuthal direction.
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