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a b s t r a c t
The development of mathematical models to describe neuronal interaction processes in the brain is a
challenging task of nonlinear dynamics. Recent advances in biochemistry and neuroscience allow better
understanding of biological mechanisms underlying the neuron functioning and synaptic connections between neurons. Moreover, signiﬁcant progress in brain imaging sheds light on the structure of the brain
network and certain aspects of neuronal dynamics. However, dynamical mechanisms leading to synchronization between different brain areas still remain unknown and require further investigation. To shed
light on this issue, we consider two small-world networks of Hodgkin-Huxley neurons interacting via inhibitory coupling. We found that synchronization indices (SI) in both networks oscillate periodically in
time, so that time intervals of high SI alternate with time intervals of low SI. Depending on the coupling
strength, the two coupled networks can be in the regime of either in-phase or anti-phase synchronization. We suppose that the inherent mechanism behind such a behavior lies in the cognitive resource
redistribution between neuronal ensembles of the brain.
© 2021 Elsevier Ltd. All rights reserved.

1. Introduction
The application of the complex network theory to neuroscience
is very promising for analyzing structural and functional connectivity of brain neurons [1]. Different mathematical models were used
to describe the dynamics of a single neuron as a node of the neuronal network and the interaction between the neurons. Among
them one can highlight the integrate-and-ﬁre [2], Morris-Lecar [3],
FitzHugh-Nagumo [4,5], Hindmarsh-Rose [6], and Hodgkin-Huxley
(HH) [7] models. The HH model is the most complete bio-inspired
model that describes the initiation and propagation of the action
potential taking into account ionic currents in the neuron’s membrane. The spiking activity generated by this model simulates the
electrical activity of a real neuron [8].
Collective neuronal activity plays an important role in brain
functioning. According to the functional magnetic resonance imaging (fMRI) studies, the whole-brain network activity is generated
through the interaction of multiple functional subnetworks during
∗
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either a resting state or task accomplishing. The functional subnetworks include a dorsal attention network, a frontoparietal network,
an executive control network, a default mode network, and other
neuronal networks [9]. Although functional networks have different anatomical locations, they interact with each other and overlap
during task accomplishing [10].
Collective processes resulted from the functional interaction between remote populations of cortical neurons subserve the cognitive performance during demanding tasks. For instance, when
the task complexity is high brain engages additional resources by
involving multiple neuronal populations. In the visual processing
tasks, a small amount of the sensory information can be processed by the occipito-parietal network, while increasing information complexity requires additional activation of prefrontal regions
[11–13]. Finally, collective neuronal activity underlies cognitive performance during prolonged cognitive tasks. In this case, the brain
dynamically redistributes the cognitive load among multiple cortical regions [14].
Current understanding of neuronal communication highlights a
vital role of phase coherence in functional interaction between remote neuronal ensembles. To illustrate this issue, let us consider
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where Cm = 1 μF/cm3 is the capacity of cell membrane, Iiex is the
external bias current injected into a neuron in the network, Vi is
the membrane potential of i-th neuron, i = 1, . . . , N (N being the
total number of neurons in the network) is the neuron number,
gmax
= 120 mS/cm2 , gmax
= 36 mS/cm2 , and gmax
= 0.3 mS/cm2
Na
K
L
receptively denote the maximal sodium, potassium and leakage
conductance when all ion channels are open. VNa = 50 mV, VK =
−77 mV, VL = −54.4 mV are the reversal potentials for sodium,
syn
potassium and leak channels, respectively, and Ii
is the total
synaptic current received by neuron i. m, n and h represent the
mean ratios of open gates of the speciﬁc ion channels. n4 and
m3 h are the mean portions of the open potassium and sodium ion
channels within a membrane patch. The dynamics of the gating
variables (x = m, n, h) is described as follows

the interaction between a pair of neurons. When a presynaptic
neuron ﬁres, a neurotransmitter (protein) enters a synaptic cleft
from the axon terminal and moves across the synapse to be bind
with receptors in the postsynaptic neuron. The binding of the neurotransmitter may results in either excitation or inhibition of the
postsynaptic neuron. In the brain, a postsynaptic neuron may receive both excitatory and inhibitory inputs from thousands of neurons simultaneously. At the same time, the postsynaptic neuron is
primarily excited by inputs from those neurons whose action potentials are coherent with the action potential of the postsynaptic
neuron. In the absence of the coherence, the input signal comes to
the postsynaptic neuron at a random phase of its excitability cycle
and therefore has a low connectivity performance. Thus, eﬃcient
communication between brain neurons can only be achieved if the
neurons are in the phase synchronization state.
In electroencephalographic (EEG) experiments, phase coherent
behavior of neural ensembles results in the increasing amplitude
of the electric potential registered by the electrode on sensor or
source level. Previous experimental studies highlighted the existence of phase synchronization between high-frequency spiking activity of single neurons and low-frequency electric activity in the
human brain. In particular, Canolty et al. [15] observed that the
high-frequency γ -wave (80–150 Hz) of the electrocorticogram is
modulated by the low-frequency θ -rhythm (4–8 Hz) envelope. Furthermore, different behavioral tasks evoked distinct patterns associated with of the θ – high-frequency γ coupling across the cortex.
Their results evidenced that the coupling between low- and highfrequency brain rhythms coordinates the activity in distributed cortical areas, providing a mechanism for effective communication
during cognitive processing in humans.
The high amplitude of electric potentials in the occipital and
temporal cortical regions may indicate increasing coherence between neurons within local ensembles during earlier visual or auditory processing stages. To integrate sensory information from
multiple sources or to perform more complex cognitive processing, the brain coordinates the activity of the distant ensembles. The
latter requires phase coupling between low- and high-frequency
brain rhythms. Thus, phase coherence is needed for forceful interaction between neural ensambles.
Although the neuroimaging studies provide substantial evidence for the vital role of phase coherence, dynamical mechanisms
underlying the coherence within and between neuronal ensembles remain unclear. To address this issue, we simulate two inhibitory coupled networks of Hodgkin-Huxley neurons which receive the input signal in the form of a spike train. We observe that
the synchronization index (SI) between the neurons in both networks periodically changes in time: time intervals of high SI alternate with time intervals of low SI. Adjusting the inhibitory coupling strength between the neural ensembles can result in either
in-phase or anti-phase SI oscillations in the ensembles. We assume
that in-phase mode is associated with coordination of the ensembles to perform a joint simultaneous cognitive operation, whereas
anti-phase mode subserves their involvement in the task switching between two neuronal ensembles. Finally, we hypothesize that
inhibitory coupling contributes to the controlling phase coherence
between two neuronal populations.

dxi
= αxi (Vi )(1 − xi ) − βxi (Vi )xi + ξxi , (x = m, n, h ),
dt
where αx (V ) and βx (V ) are rate functions deﬁned as

 
αmi V j =

0.1(25−Vi )

e(25−Vi )/10 −1

,

αni (Vi ) =

0.01(10−Vi )

e(10−Vi )/10 −1

,

αhi (Vi ) = 0.07e−Vi /20 , βmi (Vi ) = 4e−Vi /18 ,
βhi (Vi ) =

1
,
1+e(30−Vi )/10

(3)

βni (Vi ) = 0.125e−Vi /80 ,

In Eq. (2), ξxi is independent zero mean Gaussian white noise,
whose autocorrelation functions are

ξmi (t )ξmi (t  ) =

2αmi βmi
δ (t − t  ),
NNa (αmi + βmi )

(4)

ξhi (t )ξhi (t  ) =

2αhi βhi
δ (t − t  ),
NNa (αhi + βhi )

(5)

ξni (t )ξni (t  ) =

2αni βni
δ (t − t  ).
NK (αni + βni )

(6)

Here, NNa = ρNa S and NK = ρK S represent the total number of
sodium and potassium channels within membrane patch (ρNa = 60
m−2 and ρK = 18 m−2 being sodium and potassium channel densities, respectively) and S = 1 is the membrane patch area of each
neuron.
In this work, we consider the coupling via chemical synapses
only. The synaptic current takes the form [16]

Iisyn =

N


gc α (t − tsj )(Erev − V j ),

(7)

j∈Z(i )

where α (t ) describes the temporal evolution of the synaptic conductance, gc is the maximal conductance of the synaptic chanj
nel, ts is the moment of time at which presynaptic neuron j
ﬁres, Erev = 50 mV is the synaptic reversal potential, and Z(i ) is
the set of presynaptic neurons coupled with the i-th postsynaptic neuron, deﬁned by the adjacency matrix. We suppose that
α (t ) = e−t/τsyn (t ), where (t ) is the Heaviside step function and
τsyn = 3 ms.
Synchronization inside each network is quantiﬁed with the synchronization index deﬁned as [17,18]:



=
2. Mathematical model

1
T − t0



T

t0

η (t )dt ,

(8)

where t0 and T are durations of transients and total time series,
and η (t ) is the standard deviation given as

In this paper, we use the Hodgkin-Huxley (HH) model to describe the time evolution of the transmembrane potential of each
neuron [7]:

dVi
3
max 4
Cm
= −gmax
Na mi hi (Vi − VNa ) − gK ni (Vi − VK )
dt
− gmax
(Vi − VL ) + Iiex + Iisyn
L

(2)

N
1   (i ) 2
η (t ) =
x (t ) −
N
i=1



N
1  (i )
x (t )
N

2

.

(9)

i=1

The lower the synchronization index , the better the synchronization, so that
= 0 means complete synchronization.

(1)
2
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p = 30%,
gc=0.05

External stimulus

N1 = 50
SW, gcin
First sub-network
p = 30%, gcex

Input network
signals

Second sub-network

Input
network
Nex = 5

SW, gcin
N2 = 50

Fig. 1. Schematic of the network model. The external stimulus with amplitude A is applied to a small input network of N ex = 5 neurons. Every neuron of the input network
is unidirectionally connected to each of N1 = N2 = 50 neurons of two sub-networks by excitatory synapses with coupling strength gc = 0.05 and probability p = 30%. The
sub-networks are bidirectionally connected to each other by inhibitory synapses with coupling strength gex
c and probability p = 30%. The neurons Inside the sub-networks
are connected to each other according to “small-world” (SW) topology with coupling strength gin
c .

The correlation between interacted N1 and N2 sub-networks can
be found on the base of their synchronization indices 1 and 2 .
The Pearson’s linear correlation coeﬃcient is calculated as follows
[19]

r=

T
t0

(

1

(t ) −

1

)(

T
t0

(

1

(t ) −

1

)2 (

2

(t ) −
2

(t ) −

2

)dt
2

)2 dt

.

see that SIs of the two sub-networks oscillate periodically in time
exhibiting antiphase synchronization [20].
Fig. 2 illustrate network dynamics for the coupling strengths
in
gex
c = −0.1 and gc = 1.0 between the large networks and inside
them, respectively. One can see that in this case 1 and 2 are
negatively correlated, i.e, their amplitudes oscillate approximately
in antiphase. When 1 increases, 2 decreases and vice versa. We
in
ﬁnd that the type of synchronization depends on both gex
c and gc .
The neurons inside each network ﬁre at different moments of
time. For time moments corresponding to the maximum values of
the oscillating SI in each sub-network (shown by the arrows in
Fig. 2(c)), we calculate the distributions of the time lags for all
neurons in both sub-networks with respect to the average spike
time. The resulting distributions for three SI maxima are present
in Fig. 2(d). For both interacted networks N1 and N2 the distributions at t1 and t3 are similar to each other, while the distribution at
t2 is different. This is because t1 and t3 are times corresponding to
the maximal 1 , i.e, in the ﬁrst network, while t2 to the maximal
2 , i.e., in the second network. The former distributions have pronounced peaks close to 0, while the latter distributions are wide
and close to uniform.
In Fig. 3(a) we plot the two-parametric diagram of the correlain
tion r of SIs in the space of gex
c and gc . One can note the light yellow area of high positive correlation with a 0.02 width in the coupling strength gex
c between the sub-networks. The boundary values
of this area increases as the coupling strength inside the networks
(gin
c ) is decreased. Hence, to achieve maximal positive correlation,
both coupling strengths must oscillate inphase, either decrease or
increase simultaneously. This suggests that the excitatory current
received by a neuron from the neurons of the same network and
the inhibitory current received from another network should compensate each other. In a similar way, a maximal anticorrelation
can be achieved (black areas in Fig. 3(a)) when two sub-networks
demonstrate antiphase dynamics. One can also note that the upper
dark area of negative correlation in Fig. 3(a) (−0.06 < gex
c < −0.015)
is the widest for gin
=
1
.
0
and
becomes
narrower
with
decreasing
c
the last one.
In Fig. 3(b) we plot the dependencies of the correlation r on the
coupling strength between the large networks for different values
of the coupling strength inside these networks. When the networks
are disconnected (gex
c = 0), the correlation is close to r = 0.15. A
decrease in the coupling strength gex
c towards more negative values
ﬁrst leads to a small increase in the correlation up to r ∈ [0.2, 0.4].
Then, a further decrease in gex
c results in a decrease in r to negative
values up to r ≈ −0.8 for gex
c ≈ −0.3. After that, r grows again and
in
reaches r ≈ 0.9 for gex
c ∈ [−0.055, −0.07] depending on gc . For a

(10)

Here, r = 1 and r = −1 mean perfect positive and perfect negataive
correlation, respectively.
3. Results and discussion
We consider the network presented in Fig. 1. The external stimulus of a constant current with amplitude A is applied to a small
input network of N ex = 5 neurons coupled with a randomly chosen coupling strength in the range gsc ∈ [0, 0.15]. This small network is unidirectionally connected to two large networks of N1 =
N2 = 50 neurons by excitatory synapses with coupling strength
gc = 0.05 and probability p = 30%. The large networks are bidirectionally connected to each other by inhibitory synapses with coupling strength gex
c and probability p = 30%. The large networks have
a “small-world” (SW) topology, and the neurons inside these networks are coupled with coupling strength gin
c . We consider the SW
network topology because we wish to simulate signal processing in
the brain on both low-level and high-level stages, i.e, on the levels
of a single neuron and neural ensembles. A continuous stimulus
received by the small input network (N ex ) is transformed by the
network into a sequence of neural spikes transmitted then to the
large networks to process the signal.
The dynamical behavior of the sub-networks N1 and N2 is illustrated in Fig. 2(a). The ﬁrst 50 neurons in the graph belong to
the N1 sub-network, while the second 50 neurons to the N2 subnetwork. The neurons inside each sub-network are coupled by inhibitory synapses, while the two sub-networks are interconnected
via excitatory synapses. The type of synchronization beween the
sub-networks depends on the coupling strength gex
c .
The dependence of the average spike amplitude xavr =
N1
1
x of the sub-network N1 versus
1 is presented in
N1
i=1 i
Fig. 2(b). One can see that larger spike amplitude of the averaged signal corresponds to higher 1 with the correlation between
them to be r = 0.707.
Using Eq. (8), we calculate the time series 1 (t ) and 2 (t )
and then ﬁlter them with a [0.004, 0.015]-Hz band-pass ﬁlter to
visualize a slow variation of the macroscopic signal generated by
each network. The result is presented in Fig. 2(c), where one can
3
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Fig. 2. (a) Time-space diagram of membrane potential V of neurons in the ﬁrst N1 (1 ≤ i ≤ 50) and second N2 (51 ≤ i ≤ 100) sub-networks. (b) Spike amplitude of the
signal averaged over all neurons of sub-network N1 versus synchronization index (SI). The red line is the linear approximation with correlation r = 0.707 ( p < .001). (c) Time
evolution of SIs for two sub-networks, exhibiting antiphase dynamics. The arrows show the local maxima. (d) Distributions of spike lags of all neurons in the ﬁrst (upper
in
row) and second (lower row) sub-networks with respect to the average spike time. gex
c = −0.1, gc = 1.0. (For interpretation of the references to colour in this ﬁgure legend,
the reader is referred to the web version of this article.)
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Fig. 4. Time series of synchronization indices ( 1 and 2 ) for gin
c = 1.0 and (a)
gex
c = −0.07, (b) −0.08, (c) −0.09, and (d) −0.1. The correlation values corresponding to (a)-(c) are marked in Fig. 3(b) by (1)-(4).

smaller coupling strength inside the large networks, the maximum
and minimum values of the correlation are achieved for a smaller
coupling strength between the networks.
The time series of SIs are shown in Fig. 4 for three different values of the coupling strength between the large networks gex
c . While
SI oscillates inphase for gex
c close to 0 (Fig. 4(a)), for higher negative values of gex
c these oscillations are asynchronous (Fig. 4(b,c)),
and for gex
c = 0.1 they oscillate in antiphase (Fig. 4(d)).
The collective processes resulted from the functional interaction
between remote populations of cortical neurons were shown to
subserve the cognitive performance during demanding tasks. For
instance, when the task complexity is high, the brain engages additional resources by involving multiple neuronal populations. The
collective neuronal activity underlies the cognitive performance
during prolonged cognitive tasks. In this case, the brain dynamically redistributes the cognitive load among multiple cortical re-

gions. Here, we demonstrate that SI in both networks periodically
oscillates in time; the time intervals with high SI alternate with
the time intervals where SI is low. When adjusting the strength
of inhibitory coupling, one can observe that SIs of these networks
are inphase or antiphase synchronization. We can suppose that the
underlying mechanism of antiphase oscillations stands behind the
cognitive resource redistribution between neuronal ensembles in
the brain.
All previous studies were performed for the case when the neurons of the small input network were connected to each other
with a coupling strength randomly chosen from gsc = 0 to range
gsc = 0.15. To investigate how the input signal from the small input
network N ex affects antiphase oscillations of the large networks,
we ﬁx the coupling strength gsc . In Fig. 5(a) we show how the cor4
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them. We suppose that the underlying mechanism behind the antiphase dynamics lies in the cognitive resource redistribution between neuronal ensembles in the brain.
We have also demonstrated that excitatory coupling between
the neurons inside the network affects the synchronization index.
To maintain the neural network in the regimes of inphase or antiphase SI oscillations, we should keep a balance between excitatory and inhibitory connections. It suggests that the excitatory
and the inhibitory currents should compensate each other. In other
words, when one of them increases, the other must be increased
too, and vice versa.
Finally, we have shown that the coupling inside the input small
network affects antiphase synchronization between two large networks. However, the scenario from positive and negative correlation and back between the large networks are only determined by
inhibitory coupling between them.
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relation changes for three different ﬁxed values of gsc : gsc = 0.15
(red dash-dotted line I), gsc = 0.075 (solid blue line II), and gsc = 0
(black dashed line III). One can see that the dependences II and
III are very similar. However, the elimination of the coupling in
the input network (line I) leads to a decrease in the amplitude of
correlation oscillations. The shape of line III differs from others. In
Figs. 5(b-d), one can see that without coupling the neurons display
asynchronous dynamics, while an increase in gsc improves synchronization between the neurons.
Thus, the increasing coupling between the neurons in the small
input network N ex affects synchronization in the large networks.
Considering that the input network plays a role of low-level signal
processing, the communication between neurons in this network
is necessary for effective signal processing. It should be noted that
regardless of the coupling strength in the input network, there is
always decreasing SI correlation from positive (r = 0.4 or higer) to
negative (r = −0.8) values for gex
c < −0.06. Therefore, we can assume that this process is determined by the interaction between
N1 and N2 networks via inhibitory coupling.
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