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Abstract—We investigate the dynamics of complex network 
of Hodgkin-Huxley neurons. It consists of 3 sub-networks. The 
first small network receives external signal which is transferred 
into a spike sequence. Then it is transmitted to two small-world 
networks interacting via an inhibitory coupling and working 
together to process the signal. We observe that the 
synchronization index (SI) in both networks periodically 
changes in time: the time intervals with the high SI alternate 
with the time intervals where SI is low. We calculate correlation 
between them and find that when adjusting the strength of the 
inhibitory coupling one can observe SI in these networks 
changes either in phase or out of phase. 
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I. INTRODUCTION 

The dynamics of complex networks has attracted much 
attention in recent years [1-3]. Especially, the networks of 
spiking neurons or neuron-like elements take a significant part 
of this area [4-6]. The interest in neural networks is due it 
helps to make a contribution to a better understanding of brain 
functionality, that also is of a great interest [7].  

The investigation of multilayer networks is of interest 
because the networks of brain have a multilayer structure [8]. 
The studies help to understand how the brain works. In recent 
years, many researchers had done a lot of experimental studies 
of the brain [9-14]. For its investigation different methods for 
visualization and diagnostics are applied [15-18]. 

One of the important questions is the synchronization in 
the brain. Synchronization and nonlinear dynamics are 
investigated in many systems of different nature [19-23]. 
Phase synchronization between the neurons within the local 
ensemble results in the high amplitude of the electrical 
potential registered by the electrode on the sensor or source 
level.  

In this paper we investigate the dynamics of complex 
network of Hodgkin-Huxley 2 neurons which consists of 3 
sub-networks. The first small network receives external signal 
which is transferred into a spike sequence. Then it is 
transmitted to two networks interacting via an inhibitory 
coupling and working together to process the signal. We 
observe that the synchronization index in both networks 
periodically changes in time: the time intervals with the high 
SI alternate with the time intervals where synchronization 
index is low. We calculate correlation between them and find 
that when adjusting the strength of the inhibitory coupling one 
can observe SI in these networks changes either in phase or 
out of phase.  

II. MODEL 

The system under study represents the input network of 
Nex = 5 and 2 networks of N1 = N2 = 50 Hodgkin-Huxley 
neurons. The external stimulus of constant current with 
amplitude A is applied to the Nex network. The neurons inside 
it are connected to each other with the coupling strength 
chosen randomly from the range [0,0.15]. This network is 
connected to the two N1 and N2 networks by one-directional 
excitatory couplings with coupling strength gc = 0.05 and 
probability p = 30 %. The networks N1 and N2 are connected 
to each other by two-directional inhibitory couplings with 
coupling strength gc

ex and probability p = 30 %. Inside them 
the neurons are connected to each other according to “small-
world” (SW) topology with coupling strength gc

in. 

The time evolution of the transmembrane potential of each 
HH neuron is given by [24] ܥ௠ ௗ௏ௗ௧ = −݃୒ୟ݉ଷℎ(ܸ − ୒ܸୟ) − ݃୏݊ସ(ܸ − ୏ܸ) −																											݃୐(ܸ − ୐ܸ) + ୶ୣܫ +  ୱ୷୬        (1)ܫ

where ܥ௠ =  ௘௫ܫ ,ଷ is the capacity of cell membrane݉ܿ/ܨߤ1
is an external bias current injected into a neuron, V is the 
membrane potential of a neuron, ݃୒ୟ = 120	݉ܵ/ܿ݉ଶ, ݃୏ =136	݉ܵ/ܿ݉ଶ  and ݃୐ = 0.3	݉ܵ/ܿ݉ଶ  receptively denote the 
maximal sodium, potassium and leakage conductance when 
all ion channels are open. ୒ܸୟ = 50	ܸ݉, ୏ܸ = −77	ܸ݉ and ୐ܸ = −54.4	ܸ݉  are the reversal potentials for sodium, 
potassium, and leak channels respectively. m, n and h 
represent the mean ratios of the open gates of the specific ion 
channels. n4 and m3h are the mean portions of the open 
potassium and sodium ion channels within a membrane patch. 
The dynamics of gating variables (x=m,n,h) depending on rate 
functions αx(V) and βx(V) are given: ௗ௫ௗ௧ = ௫(ܸ)(1ߙ − (ݔ − ݔ(ܸ)௫ߚ + ,(ݐ)௫ߦ ݔ								 = ݉, ݊, ℎ    (2) ߦ௫(ݐ)  is independent zero mean Gaussian white noise 
sources. ܫ௜ୱ୷୬ is the total synaptic current received by i-th neuron. 
We consider coupling via chemical synapses. The synaptic 
current takes the form 

௜ୱ୷୬ܫ     = ∑ ݃௖݁ି(௧ି௧బೕ)/ఛ౩౯౤	(ܧ୰ୣ୴ − ௜ܸ)௝∈୬ୣ୧୥୦୲(௜)        (3) 

where the alpha function α(t) describes the temporal evolution 
of the synaptic conductance, gc is the maximal conductance of 
the synaptic channel, ݐ଴௝  is the time at which presynaptic 
neuron j fires, ߬ୱ୷୬ = 3 ms. 

III. RESULTS 

We analyze neural dynamics of N1 and N2 networks. 
Excitatory coupling inside each network leads to 
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synchronization of these neurons (first 50 neurons of N1 
network and second ones of N2 neurons on Fig. 1(a)). Since 
networks are interconnected via an inhibitory coupling, 
depending on the coupling strength an anti-phase dynamics in 
the activities of them can be achieved. Black color illustrates 
the inhibition of neurons of one network by other neurons. 
Yellow color corresponds to spike generation, and one can see 
that thickness of yellow lines of each network changes through 
time which is connected to the synchronization of neurons. 

 
Fig. 1. (a) Time-space diagram of membrane potential V of the neurons of 
N1 (1 <= i <= 50) and N2 (51 <= i <= 100) networks. (b) Time evolution of 
synchronization indexes S(1) and S(2) for the same networks. Strength of 
coupling between N1 and N2 gc

ex = -0.1, inside each one gc
in = 1.0. 

To investigate it we calculate synchronization index for 
networks N1 and N2 [25]:  

           ܵ = ටଵ் ∑ ௡௡்ୀଵߦ         (4) 

were ߦ௡ is the standard deviation given as 

௡ߦ         = ଵே∑ ൫ݔ௡(௜)൯ଶே௜ୀଵ − ቀଵே ∑ ௡(௜)ே௜ୀଵݔ ቁଶ       (5) 

where T is a number of iterations, N is a number of neurons in 
the network. The smaller S, the better the synchronization; 
S = 0 means complete synchronization. We apply filtering in 
[0.004,0.015] Hz frequency band corresponding to the low-
frequency modulation of macroscopic signal of each network. 
The examples of filtered synchronization indexes S(1) (N1) and 
S(2) (N2) are presented on Fig. 1(b). Low value of S means 
higher synchronization and vice versa. The thickness of 
yellow line and synchronization index are well correlated with 
each other: lower thickness means better synchronization, 
hence lower S. 

Fig. 2 illustrates two-parametric diagram of 
synchronization indexes correlation versus gc

ex and gc
in. There 

is the light-yellow area of high positive correlation with width 
of 0.02 in the coupling strength between the networks gc

ex. 
Boundary values of it go higher with decreasing coupling 
strength inside the networks gc

in. So, to achieve maximal 
positive correlation both coupling strengths must be 
simultaneously changed in one direction (both decrease or 
both increase). This suggests that the excitatory current 
received by a neuron from the neurons of the same network 
and the inhibitory current received from another network 
should compensate each other. The same thing can be referred 
to achieving maximal anticorrelation dynamics (black areas 
on Fig. 2) when two networks demonstrate antiphase 
dynamics of the synchronization index oscillation. One can 

also note that the upper dark area of negative correlation on 
Fig. 2 (-0.06 < gc

ex < -0.015) is the widest for gc
in = 1.0 and 

becomes narrower with decreasing the last one. 

 
Fig. 2. Two-parametric diagram of correlation r of synchronisation indexes 
S(1) and S(2) versus coupling strength between the networks gc

ex and coupling 
strength inside the networks gc

in. 

IV. CONCLUTION 

We have investigated the dynamics of complex network of 
Hodgkin-Huxley neurons. It consists of 3 sub-networks. The 
first small network Nex receives external signal which is 
transferred into a spike sequence. Then it is transmitted to two 
small-world N1 an N2 networks interacting via an inhibitory 
coupling and working together to process the signal. We have 
observed that the synchronization index in both networks 
periodically changes in time: the time intervals with the high 
SI alternate with the time intervals where SI is low. We have 
calculated correlation between them and found that when 
adjusting the strength of the inhibitory coupling one can 
observe SI in these networks changes either in phase or out of 
phase. 
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