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The nontrivial role of noise in dynamics of nonlin-
ear system has been studied in numerous works, which
showed that f luctuations can lead to increasing regu-
larity of oscillations, improvement of the signal to
noise ratio, the appearance of dynamical regimes
impossible in the absence of noise, etc. Well-known
effects evidencing a nontrivial behavior of nonlinear
noisy systems include, e.g., the phenomenon of sto-
chastic resonance [1]. Under the conditions of mul-
tistability, noise induces transitions between coexist-
ing attractors in the phase space of a dynamical sys-
tem, which leads to a change in the statistical
characteristics of the regimes of complex dynamics.
Although the corresponding changes can be insignifi-
cant from the standpoint of characteristics such as the
power spectrum or Lyapunov exponents, they can sig-
nificantly modify the signal structure that is mani-
fested by variations in the singularuty spectrum [2].

The measures of multifractality are sensitive char-
acteristics of the regimes of dynamics that allow one to
reveal changes in the statistical properties of processes
that cannot be diagnosed by standard methods of dig-
ital signal processing [3–5]. In particular, this
approach ensures the possibility of introducing effec-
tive diagnostic criteria applicable to the investigation
of dynamics of living systems [6–8].

The present work is devoted to analysis of the phe-
nomenon of noised-induced loss of multifractality in
complex dynamics of systems with self-sustained
oscillations. As an example of a model with complex
behavior, let us consider a system of two coupled
Rössler oscillators describing a set of equations:

 (1)

with the following values of control parameters: ω1 =
1.0093, ω2 = 0.9907, a = 0.15, b = 0.2, c = 7.2, and γ =
0.02. Intensity I of the normally distributed random
process ξ(t) was varied so as to study changes in the
statistical characteristics of sequences of the return
times to Poincaré section set by the equation x2 + y1=
0. These sequences were analyzed using the method of
multifractal formalism based on a wavelet transform
[3]. For this analysis, we have selected sequences of
return times containing 5000 counts.

At the first stage of a procedure done according to
the method of [3], a sequence of return times x(i) is
subjected to wavelet transform as

 (2)

with basis function ψ represented by the MHAT wave-
let:

 (3)

The parameters of scale (a) and translation (k) of
wavelet function ψ were varied within broad limits.
The points of singularities x(k*) on the surface of
wavelet coefficients W(a, k) correspond to the lines
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of local extrema, on which the wavelet transform
coefficients exhibit power dependence on the scale
parameter: W(a, k*) ~ ah. The power index (Hölder
exponent) is a characteristic of correlation properties
of the process under consideration. For a signal of
complex structure, a spectrum of Hölder exponents
h(q) is calculated and index q is varied so as to analyze
the range of small (q < 0) and large (q > 0) scaling
parameters.

At the second stage of the proposed method [3],
spectrum h(q) is more accurately calculated using an
approach based on the construction of generalized
partition functions [2]. For this purpose, the lines of
central extrema W(a, k) (or a skeleton L(a) of the
wavelet transform) are separated, for which general-
ized partition functions

 (4)

also exhibit power dependence on the scale parameter.
In this formula, kl(a) characterizes the position of
maximum modulus of wavelet coefficients on the
lth skeleton line. The spectrum of Hölder exponents is
determined by differentiating exponents τ(q):

 (5)

Let us consider the application of this approach to
investigation of the dynamics of model system (1).
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Figure 1 presents the results of integration of the
model equations and calculation of the power spectra
of dynamical regimes without noise (I = 0) and in the
presence of f luctuations introduced as I = 0.04.
According to Fig. 1, there are no visible distinctions
between the deterministic (I = 0) and stochastic (I > 0)
dynamics of system (1). Calculations of the largest
Lyapunov exponent (which is among the most infor-
mative characteristics of complex dynamics) from the
sequence of return times to the Poincaré section using
a method developed by Wolf et al. [9] also showed that
these regimes are almost identical in this respect (λ1 =
0.053 vs. λ1 = 0.052).

However, application of the multifractal formalism
(capable of recognizing “fine” changes in the signal
structure) revealed significant distinctions (see Fig. 2)
between the spectra of Hölder exponents in the cases
of deterministic and stochastic dynamics of system (1).
In the former case, the dynamics is characterized by
clearly pronounced multifractality (i.e., significantly
different scaling characteristics for small and large
fluctuations). In the latter case, the scaling properties
are leveled and the process becomes more uniform in
this respect. These changes can be interpreted as the
noise-induced loss of multifractality. An analogous
effect has been observed in the case of a stochastic res-
onance [10]. However, the stochastic resonance in a
bistable system under an external periodic force in the
presence of noise turns out to be a much simpler case

Fig. 1. (a, b) Phase portrait and (c, d) power spectra of (a, c) deterministic and (b, d) stochastic dynamics in the model system (1)
of two coupled Rössler oscillators.
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than the noise-induced loss of multifractality consid-

ered above in a model system with coexisting irregular

dynamical regimes.

Some important issues need to be addressed. In

contrast to the case of a stochastic resonance, a change

in measure of multifractality depending on the inten-

sity of noise does not exhibit clearly pronounced reso-

nance character. Therefore further investigations of

the laws of noise-induced loss of multifractality as

dependent on the intensity of f luctuations present in

the system are necessary. However, diagnostics of the

corresponding variations can be performed using sam-

ple sequences of relatively short length. In particular,

changes in the character of system dynamics can be

reliably recognized by method [3] using sequences

containing about 200–300 counts [8]. This circum-

stance allows the proposed approach to be applied to

problems of secure data transmission with the use of

chaotic carrier signals [10, 11].

In conclusion, switching between different com-
plex dynamical regimes (Fig. 1) is not reliably recog-
nized by methods based on standard digital processing
of irregular signal, but use of the method of multifrac-
tal formalism based on a wavelet transform allows
these regimes to be clearly distinguished (Fig. 1) using
relatively short sample sequences.

Acknowledgments. This study was supported in part
by the Russian Foundation for Basic Research (proj-
ect no. 14-52-12002 and SFB-910) and the Ministry of
Education and Science of Russian Federation in the
framework of Federal R&D order no. 3.23.2014/K
(projects SGTU-157 and SGTU-141).

REFERENCES

1. R. Benzi, A. Sutera, and A. Vulpiani, J. Phys. A 14,
L453 (1981).

2. J. F. Muzy, E. Bacry, and A. Arneodo, Int. J. Bifurc.
Chaos 4, 245 (1994).

3. J. F. Muzy, E. Bacry, and A. Arneodo, Phys. Rev. E 47,
875 (1993).

4. H. E. Stanley, L. A. Nunes Amaral, A. L. Goldberger,
et al., Physica A 270, 309 (1999).

5. A. N. Pavlov and V. S. Anishchenko, Phys. Usp. 50, 819
(2007).

6. P. Ch. Ivanov, L. A. Nunes Amaral, A. L. Goldberger,
et al., Nature 399, 461 (1999).

7. A. N. Pavlov, A. R. Ziganshin, and O. A. Klimova,
Chaos Solitons Fractals 24, 57 (2005).

8. A. N. Pavlov, O. V. Semyachkina-Glushkovskaya,
V. V. Lychagov, et al., Chaos Solitons Fractals 77, 6
(2015).

9. A. Wolf, J. B. Swift, H. L. Swinney, and J. A. Vastano,
Physica D 16, 285 (1985).

10. L. M. Pecora and T. L. Carroll, Phys. Rev. Lett. 64, 821
(1990).

11. A. A. Koronovskii, O. I. Moskalenko, and A. E. Khra-
mov, Phys. Usp. 52, 1213 (2009).

Translated by P. Pozdeev

Fig. 2. Spectra of Hölder exponents in the regimes of
deterministic (solid curve) and stochastic (dashed curve)
dynamics in the model system
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