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Abstract—Contrastive principal component analysis (cPCA)
uncovers structure enriched in a foreground dataset relative to a
background dataset. The method, however, returns components
whether or not such structure exists, and nothing in its output
distinguishes the two cases. Here we use the background dataset
as an empirical null distribution. A subset of the background,
treated as a pseudo-foreground, contains no foreground-specific
structure, so refitting cPCA on many such subsets gives a null
distribution for its output. We used this empirical null to obtain a
criterion for selecting the contrast parameter «, to test whether
foreground-specific structure is present, to obtain a calibrated
component spectrum and to perform a per-sample salience test.
On the corrupted MNIST dataset, the global test returned
the smallest attainable p-value and the per-sample salience test
achieved an AUC above 0.999 with a false-positive rate of 4.7%
against a nominal 5%.

Index Terms—Contrastive principal component analysis, di-
mensionality reduction, empirical null distribution, parallel anal-
ysis, resampling, case—control studies

I. INTRODUCTION

Principal component analysis (PCA) finds directions of
maximum variance in a dataset [1]. This is a limitation when
the variance of interest is not the largest. In case—control
studies, for instance, patients and controls share many sources
of variance, e.g., anatomy, acquisition protocols and batch
effects. PCA applied to the pooled data recovers this shared
structure rather than the difference between groups. This situa-
tion is typical of studies of functional brain networks [2], [3].
In major depressive disorder (MDD), for example, reported
connectivity alterations depend on the study, the preprocessing
pipeline and the network thresholding [4]-[6], and identifying
the features that drive multivariate classification remains an
open problem [7], [8].

Contrastive PCA (cPCA) addresses this problem using a
second dataset [9]. Given a foreground X; and a background
X in the same feature space, cPCA takes the leading eigen-
vectors of Cy — aCy, where Cy and () are the sample
covariances and a > 0 controls how strongly background
directions are suppressed. cPCA has been applied to gene
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expression, single-cell and neuroimaging data [10], and con-
trastive learning has revealed salient features of resting-state
EEG networks in autism spectrum disorder [11].

Subsequent work on cPCA has focused on the choice of «
[10]. Because C} is positive semidefinite, every eigenvalue of
Ct — aC} is non-increasing in «; the eigenvalues therefore
change scale with «, are not comparable across its values and
cannot be used to select it. Abid et al. [9] suggested computing
subspaces over a logarithmic grid of «, clustering them by
principal angle and presenting a few representatives. Proba-
bilistic cPCA formulates the problem through a contrastive
likelihood, which guides the choice of the parameter [12].
Generalized contrastive PCA (gcPCA) removes the parameter
by replacing the difference C'y — aC), with a ratio objective
[13].

cPCA, however, returns components whether or not the
foreground contains structure that the background lacks. Given
two datasets that differ in no relevant way, it still returns
a subspace with large leading eigenvalues. Three questions
therefore arise in practice: (i) whether any foreground-specific
structure is present, (ii) how many components carry it and (iii)
which foreground samples express it. We refer to question (i)
as the global test. Hawke et al. [14] addressed (i) and (ii) with
a contrastive bootstrap test and an estimator of the contrastive
dimension; both rely on intrinsic-dimension estimates for each
dataset, and the test is conservative by design.

To answer these questions, we compare the output of cPCA
with its output on data that contain no foreground-specific
structure, and we obtain this reference (null) distribution from
the background dataset itself. If foreground and background
observations are exchangeable, then a subset of the back-
ground treated as a pseudo-foreground contains no foreground-
specific structure, and refitting cPCA on many such subsets
gives an empirical null distribution for its output. Our approach
follows Horn’s parallel analysis [15], [16], which retains PCA
components whose eigenvalues exceed those obtained from
data with no structure, and resembles the permutation nulls
used for group comparisons of brain networks [17]. It requires

104
Authorized licensed use limited to: Kant Baltic Federal Univ. Downloaded on October 23,2026 at 15:23:24 UTC from IEEE Xplore. Restrictions apply.



neither intrinsic-dimension estimates nor a parametric model.

Our work aimed to construct an empirical null for cPCA by
resampling the background, to use it to select o and to test
whether foreground-specific structure is present (global test),
and to use it to describe the component spectrum and to test
individual foreground samples for salience.

II. METHODOLOGY
A. Contrastive PCA

Let X; € R >4 and X;, € R™*? be the foreground and
background datasets with separately centered sample covari-
ances C'¢ and C. cPCA computes the eigendecomposition of

Cla) =Cy — aC, ey
and retains the leading eigenvectors.

B. Construction of the null

We fixed a grid A of values of « and a number & of compo-
nents. In each of R replicates we drew two disjoint index sets
1y and Z;, from the background, of sizes ny and ng, and com-
puted the k leading eigenvalues of C[X;(Zs)] — aC[Xy(Zp)]
for every a € A. Because each pseudo-background contained
only nj samples, the observed spectrum was also computed
with C estimated from a random subset of nj background
samples, so that observed and null statistics share the same
sample sizes.

The two index sets must not exhaust the background.
An exhaustive split fixes the pooled covariance of the two
sides, so variance assigned to the pseudo-foreground is absent
from the pseudo-background. Conditionally on the observed
background, the two estimates become anti-correlated and the
null eigenvalues come out too small. The real foreground
originates outside the background and has no such dependence.
We therefore left at least ny background samples out of both
sides in each replicate.

Standardizing the observed eigenvalues against the null

e A(@) - ()
oj(a)

where 1; and o; are the mean and standard deviation of the
null eigenvalues at that a.

Zj(ar) = ; 2

C. Contrast parameter o and global test

The observed and null values of \;(«) both change with a.
Their standardized difference Z; (), however, has zero mean
and unit variance under the null at every a and is therefore
comparable across values of . We therefore selected

*
= Z .
a* = argmax 7, (@) 3)

Because o* was obtained by searching the grid, the global
test at o* must account for that search. We therefore compared
the observed maximum with the null distribution of the same
maximized statistic,

1+ [{r : max, Zfr)(a) > Z1(a*)}|
R+1 ’

“4)

Pglobal =

where ZY) is (2) evaluated on replicate r and the unit terms

keep the p-value valid for a finite number of replicates [18].
This tests the null hypothesis that the foreground contains no
contrastive structure beyond that expected under exchangeabil-
ity with the background.

D. Component spectrum

Z; grows with sample size: o; is the sampling standard
deviation of the null eigenvalues and shrinks approximately
as n~1/2, whereas a fixed excess \; — u; does not. For large
n, every component with a positive excess therefore becomes
significant. The quantile criterion, which retains component j
if \j(a*) exceeds a fixed upper quantile of its null distribution
and is the direct analogue of Horn’s test, behaves in the same
way. Neither criterion therefore gives a usable cutoff in this
setting. Instead, we reported the relative excess

g = M) —pj(ar)

T M(er) = ()

and the same excess normalized by its total over the k&
components examined,

&)

__ AN@)—pler)
by (Aela®) = pe(ar))

E. Per-sample salience

Qj

(6)

Beyond the global test, we also tested individual foreground
samples for salience. Let V' contain the first & components at
a*, and define the salience score s(z) = ||V ' (z — Zp)||%,
where 7 is the background mean. A background subset X,

held out from all fitting, provides the reference distribution

L[z e Xp: s(a) > ()|
- X5+ 1 ‘

The test thus treats salient samples as outliers relative to the
background, similarly to outlier-based seizure detection from
EEG [19], [20].

Because V is fitted to the foreground, the samples used to
fit it have inflated projections onto it by construction. To avoid
this bias, we split the foreground into halves, fitted V' on one
half and scored the other, and then reversed the roles of the
two halves.

(7

4

III. EVALUATION

We evaluated the proposed method on a corrupted MNIST
dataset [21], constructed similarly to that of Abid et al. [9].
Foreground images were MNIST digits 0-2 superimposed on
images of grass, and images of grass alone formed the back-
ground. The foreground contained n; = 3000 images: 900 per
digit and 300 grass-only images included to evaluate the per-
sample salience test. The background contained n, = 13500
images. All images were flattened to d = 784. Digit and grass
labels were used for evaluation only and were not available to
the procedure.

We projected both datasets onto the leading 200 principal
components of the background alone, which retained 77.6% of
the background variance. We used R = 500 replicates, k = 50
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Fig. 1. Contrast parameter selection. Standardized excess Z1 («) over the
grid (a = 0 is plotted at the left edge). Z; is standardized against the null, so
the null lies at 0+ 1 by construction (dotted line). The peak is at o* = 3.162.

components and the grid A = {0}U{1072,10~1-75 ... 103},
i.e., zero and 21 logarithmically spaced values.

IV. RESULTS AND DISCUSSION
A. Contrast parameter and global test

Fig. 1 shows Z;(«) over the grid. The curve was flat for
a < 1, rose sharply, peaked at a* = 3.162 and returned
to the null level for a > 102. At o* the leading eigenvalue
exceeded its null mean by 2.48, and none of the 500 null repli-
cates reached the observed maximized statistic. The resulting
Delobal = 1/501 =~ 0.002 is the smallest value attainable
with 500 replicates. These results indicate the presence of
foreground-specific structure.

B. Component spectrum

Fig. 2 shows the component spectrum at a*. Z; remained
above 67 for all 50 components, so both the standardized
and the quantile criteria retained every component tested: with
ny = 3000, the null spread is small and any positive excess
is significant.

E; decayed from 1.000 to 0.006 over the 50 components
and followed a power law, E; oc j~ 137 (R? = 0.987). All
values of E; were positive. The contrastive excess is therefore
distributed over many dimensions without a sharp cutoff. The
cumulative shares (); were 28% for the leading component,
48% for the first three, 67% for the first six and 77% for the
first ten.

Repeating the analysis with 100 instead of 200 retained
principal components gave shares of 29%, 49%, 68% and 79%,
an exponent of —1.50 instead of —1.37 and o* = 1.778, the
adjacent grid value.

C. Per-sample salience test

Table I compares the per-sample results with the withheld
labels. Of the 2700 digit-bearing images, 2699 were flagged
as salient at p < 0.05. Of the 300 grass-only images, 14 were
flagged, which gives a false-positive rate of 4.7%. The single
unflagged digit-bearing image had p ~ 0.2 (Fig. 4), so the
separation was not perfect, but the AUC exceeded 0.999. Fig. 3
shows the two groups in the salient subspace, and Fig. 4 shows
the per-sample p-values.

Fig. 2. Component spectrum at o*. (a) Z; on a logarithmic scale; it remains
above 67 for all 50 components. (b) E; on a logarithmic scale with the fitted
power law 5137 (R2? = 0.987, dashed).

TABLE I
PER-SAMPLE SALIENCE AGAINST WITHHELD LABELS
Foreground images n  Flagged Rate
Digit-bearing 2700 2699 99.96%
Grass-only 300 14 4.7%

A test that merely separated the foreground from the back-
ground would flag all 3000 images, whereas a test detecting
nothing would flag approximately 150. The observed count
of 2713 matched the 2715 expected from complete detection
with nominal error control on the grass-only images. Grass-
only images were present in the half of the foreground used
to estimate the subspace and were nevertheless not flagged in
the other half. These results indicate that the split-half scoring
separates samples within the foreground rather than separating
the foreground from the background as a whole.

D. Implications for neurophysiological data

The target application is case—control analysis of functional
brain networks, e.g., in MDD [6], [7], [22] and autism
spectrum disorder [11], where a per-sample salience test can
indicate which patients express group-specific structure. The
same procedure applies to EEG, MEG and fNIRS recordings
during cognitive and motor tasks [23]-[28], in which task
recordings or one group of participants can serve as the
foreground and baseline recordings or a reference group as
the background.

V. CONCLUSION

We showed that the background dataset used by contrastive
PCA can also serve as an empirical null for its output. Resam-
pling the background as a pseudo-foreground and refitting the
method gives this null directly, without a parametric model
for the eigenvalues. On the corrupted MNIST dataset, the null
selected the contrast parameter o and confirmed the presence
of foreground-specific structure. The per-sample salience test
recovered all but one digit-bearing image while flagging grass-
only images at 4.7% against a nominal 5%. The calibrated
spectrum remained informative where the standardized and
quantile criteria retained every component tested. The null
requires only an estimator that is cheap to refit, so it should
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Fig. 3. Salient subspace. Background images (blue) and foreground images
projected onto the first two components at a*. Grass-only foreground images
(crosses) remain within the background cloud, whereas digit-bearing images
(orange) spread along both components.

B Digit
Bl Grass

Count

0.0 0.2 0.4 0.6 0.8 1.0
Per-sample p value

Fig. 4. Per-sample p-values for the 3000 foreground images. Digit-bearing
images (blue) and grass-only images (black), stacked; the labels were withheld
from the method. Counts are on a logarithmic scale. Of the 2700 digit-
bearing images, 2699 fall below p = 0.05. The 300 grass-only images are
approximately uniformly distributed, with 14 below p = 0.05.

also apply to hyperparameter-free contrastive decompositions
such as gcPCA. We believe that our work could contribute
to the ongoing efforts to develop interpretable contrastive
methods for high-dimensional data.
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