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Abstract—Zigzag persistence summarises a time-ordered se-
quence of graphs by a collection of bars. Each bar is the
lifetime of one topological feature (a connected component or an
independent cycle) and therefore records both the moment the
feature appeared and the moment it disappeared. A sequence
of Betti numbers reports only how many features exist at each
moment; the barcode says in addition which disappearance
belongs to which appearance.

Programs that compute such barcodes are normally validated
on synthetic graphs whose events are scheduled in advance, and
scored by recall, precision and localisation error. We built such
a program and report two findings about that practice. The
first concerns how the program itself is checked. Instead of
comparing it against a second library, we recompute the barcode
directly from the mathematical definition of the invariant; over
the two-element field this requires only ranks of Boolean matrices
and no persistence software at all. On 18 benchmarks the two
computations agree on every one of 3192 bars. The second
concerns what the score proves. We exhibit two different barcodes
of the same benchmark that produce identical Betti curves and
identical event logs; recall and precision cannot distinguish them,
and so cannot confirm the pairing of births with deaths — the
one piece of information a barcode adds to Betti numbers.

Index Terms—zigzag persistence, dynamic graphs, topological
data analysis, verification, generalised rank invariant, benchmark
design

I. INTRODUCTION

A dynamic graph is a network observed repeatedly over

time. The case that motivates this work is the sliding-window

functional connectome, in which a sequence of correlation

matrices is thresholded into a sequence of graphs [1]–[3].

Functional networks of this kind are built from fMRI [4],

[5], EEG [6] and fNIRS [7] recordings, and brain activity

is routinely followed through the course of cognitive tasks

and training [8]–[11]. The natural object of study is then a

network that changes in time, and a natural question is when

its connected components and cycles appear and disappear.

Ordinary persistent homology cannot answer that question,

because it assumes a filtration: a family of simplicial com-

plexes in which each is contained in the next. Between two

consecutive snapshots of a dynamic graph some edges appear

while others vanish, so neither snapshot is contained in the

other and no filtration exists. Zigzag persistence removes this

obstacle [12], [13]. An intermediate object is placed between

every pair of neighbours in such a way that both neighbours

are contained in it; the inclusions then alternate in direction,

which is what the name refers to. The resulting diagram is

a representation of a quiver of type AN , its indecomposable

summands are interval modules by Gabriel’s theorem [14],

[15], and by the Krull–Schmidt theorem their multiplicities

are unique. The barcode is therefore determined by the data

alone and not by the algorithm that computes it.

This guarantee concerns the mathematical object, not any

particular program. How programs are actually validated, and

how work of this kind is judged, is by event recovery: one

synthesises dynamic graphs in which births and deaths are

scheduled in advance, runs the program, and reports recall,

precision and localisation error against the schedule. The same

protocol, with expert annotations in place of a schedule, is

standard in automatic seizure detection from EEG [16], [17].

The present paper asks what that protocol does and does not

establish.

Our contributions are methodological rather than theoretical.

(i) We describe a way to verify an implementation that

does not rely on a second implementation: the barcode is
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recomputed from the definition of the invariant, so that the

library is checked against algebra. (ii) We show that recall

and precision cannot detect an error in the pairing of births

with deaths, and give an explicit instance of such an error in

a standard benchmark. (iii) We measure what it costs to have

no significance criterion for zigzag bars: on a null model the

pipeline reports an event on 98.3% of snapshots, and under

mild edge noise its precision falls to 0.17%.

II. CONSTRUCTION AND CONVENTIONS

A. From snapshots to a zigzag

A dynamic graph is a sequence of snapshots G0, . . . , GT−1

on a fixed vertex set. Which pairs of vertices count as con-

nected is decided by the data and not by the program reading

it: in a similarity snapshot an edge appears when wij > t,
in a distance snapshot when dij ≤ ε. The two rules run in

opposite directions, and a program that applies the wrong

one silently receives the complement of the intended graph,

which is likewise connected and likewise yields plausible

Betti numbers. Even with the correct rule the chosen level

matters: the topology of thresholded fMRI networks changes

qualitatively as the threshold window moves across the range

of connection strengths [5].

Each snapshot becomes a simplicial complex Ki =
Fl≤kmax+1(Gi), the flag complex of Gi truncated one dimen-

sion above the homology one intends to compute. The extra

dimension is necessary: without the boundary operator ∂k+1

the k-th Betti number comes out too large. The zigzag is then

K0 ↪→ K0 ∪K1 ←↩ K1 ↪→ · · · ←↩ KT−1.

We index it by I = {0, 1
2 , 1, . . . , T − 1}, where an integer

index refers to a snapshot and a half-integer index to the object

between two snapshots.

B. Choosing the intermediate object

The construction requires an object containing both Ki and

Ki+1, and there are two obvious candidates: the union of

the two complexes, and the flag complex of the union of the

two graphs. They are not the same. Intersections behave well,

Fl(Gi) ∩ Fl(Gj) = Fl(Gi ∩Gj), but for unions one has only

the inclusion Fl(Gi)∪Fl(Gj) ⊆ Fl(Gi∪Gj), and it is usually

strict: if the three edges of a triangle are distributed between

the two snapshots, the triangle belongs to the flag complex of

the union graph and to neither of the two complexes.

We take the union of the complexes. The reason is that the

intermediate object must not contain a simplex that exists in

no snapshot. If it does, a triangle present in neither Gi nor

Gi+1 fills a cycle at the half-integer index, and the barcode

gains a birth and a death that correspond to no state of the

data. Such a barcode is internally consistent, so no test based

on it will object.

We also measured the difference between the two candidates

and found it empty on all 59 transitions of both benchmarks.

The choice rests on the argument above rather than on that

measurement, but the measurement is worth recording, since

a dataset with a different geometry may well separate the two

constructions.

C. Why bar endpoints are sometimes half-integers

Endpoints of bars do not always fall on snapshots, and the

reason is worth stating because it looks at first like an error

of half a step.

Closing a path into a cycle at snapshot 12 adds an edge,

so K11 ⊆ K12 and the intermediate object K
11

1
2

coincides

with K12. The cycle is already present there, and the class

is therefore born at 11 1
2 rather than at 12. Deleting an edge

reverses the situation: at snapshot 41 one has K41 ⊆ K40,

the intermediate object coincides with the earlier snapshot,

and the dying class survives until 40 1
2 . For H0 the two roles

are exchanged, since a component is born when an edge is

deleted and dies when one is added, and the endpoints come

out integral. A half-integer endpoint is thus neither an artefact

nor a convention, but a consequence of the direction in which

the transition is monotone (Fig. 1).

D. Translating bars into events

Bars live on I , whereas a ground-truth log speaks of

snapshots, so a translation is needed. It consists of two rules,

and they are not symmetric: a birth is reported at the first

snapshot index at or after the birth of the bar, a death at the

first snapshot index strictly after the death of the bar. The

familiar shift d �→ d + 1 is what the second rule gives when

the endpoint is an integer; it is not a separate rule, and it

is implemented in exactly one place. The care is warranted,

because an error of one snapshot here shows up in a report

as a systematic localisation error of the algorithm and is

indistinguishable from one.

An earlier version of our specification treated half-integer

endpoints as a third kind of outcome, an “event inside a

transition”. Measurement rejected that rule: both H1 bars

of the combinatorial benchmark have half-integer endpoints,

while the ground-truth log records ordinary births and deaths

at snapshots 12 and 41.

III. CHECKING THE COMPUTATION AGAINST THE

DEFINITION

The order in which the components were built is the

decision everything else rests on: the independent check was

written before any persistence library was used. A second li-

brary is not a check. It implements the same class of algorithm,

and when two libraries disagree neither result tells which of

them is wrong. Worse, a library adopted first tends to become

its own reference, so that the first mistake in converting indices

is recorded as ground truth and never questioned again.

We therefore compute the barcode a second time straight

from the definition of the invariant. For b ≤ d in I , restrict

the module V to the interval [b, d] and let

r(b, d) = rank
(
lim←−V |[b,d] → lim−→V |[b,d]

)

be the generalised rank of that restriction [18]. Because every

module over AN decomposes into intervals, r(b, d) is exactly
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Fig. 1. Barcode of the cycle_lifecycle benchmark (24 vertices, 60
snapshots, 5 scheduled events) shown against its Betti curves. Round caps
mark integer endpoints and vertical strokes half-integer ones. Three of the
five events are derived from half-integer endpoints.

the number of bars that contain [b, d]; the number of bars equal

to [b, d] then follows by inclusion–exclusion,

m[b,d] = r(b, d)− r(b−, d)− r(b, d+) + r(b−, d+),

where b− and d+ are the neighbouring indices. Over the

field with two elements the limit and the colimit are the

kernel and the cokernel of a Boolean matrix, so the entire

computation reduces to ranks of such matrices and uses no

persistence software. Neither the generalised rank nor the

inversion formula is new; what is new here is using them as

an independent check on a library.

The independent computation was validated first on small

zigzags whose barcodes can be written out by hand, among

them one built as a miniature of the ambiguity discussed

in Section IV. It was then compared, bar for bar and with

multiplicities, against Dionysus 2 [19]: 18 benchmarks, 3192
bars, 0 discrepancies. Restricting the comparison to the two

clean benchmarks would have been the weakest available

version of this claim: the faults one expects in the adapter

(the order of elementary operations, the intervals during which

a simplex is present, the conversion of half-open endpoints)

show themselves on a barcode with nine hundred bars rather

than on one with four, so the sixteen noisy benchmarks carry

most of the comparison and most of its running time.

IV. WHAT EVENT-LEVEL METRICS CANNOT VERIFY

This section presents two elementary observations that

together limit what the standard validation protocol can es-

tablish.

Counting live classes does not determine the barcode. For

an index x let c(x) be the number of bars covering x; this is

the Betti number at x, and the function c is the Betti curve. Let

c(e) be, similarly, the number of bars covering an arrow e of

the zigzag. Consider the two collections of bars {[1, 4], [2, 3]}
and {[1, 3], [2, 4]}. They have the same c(x) = (1, 2, 2, 1) on

the four indices and the same c(e) = (1, 2, 1) on the three

arrows, yet they are different barcodes. Knowing how many

classes are alive at each index, and how many survive each

Fig. 2. Two decompositions of the H1 module of the same benchmark. (a)
is the one the algorithm computes; (b) crosses the pairing. The two agree on
the Betti curve, on the number of bars crossing every arrow, and on the event
log (c). No event-level metric distinguishes them.

arrow, fixes the number of births and deaths everywhere but

leaves open which birth is matched with which death.

Neither does the event log. The benchmark provides a

concrete instance. After a chord is added at snapshot 27 the

space H1 is two-dimensional, and after an edge is deleted

at snapshot 41 it is one-dimensional again, so exactly one

of the two classes dies at 41. Which one is decided by the

decomposition of the module and not by the age of the class:

what matters is which line of the two-dimensional space is

the image of the class that survives. The computed answer is

{[11 1
2 , 40

1
2 ], [26

1
2 , 59]}, so the class born at 12 is the one that

dies. The intuitive guess, that breaking one of the two cycles

created by the chord must kill the younger class, is wrong.

Now take the crossed alternative {[11 1
2 , 59], [26

1
2 , 40

1
2 ]}. It

has the same Betti curve, the same number of bars on every

arrow, and, under the translation rules of Section II-D, the

same event log, {(12, birth), (27, birth), (41, death)} (Fig. 2).

Recall and precision computed from event logs therefore

cannot certify the pairing of births with deaths, and the pairing

is precisely what zigzag persistence contributes beyond a

sequence of Betti numbers. What does certify it is the bar-

by-bar comparison of Section III. The loss accumulates along

the reporting chain: Betti curve, then arrow counts, then event

log, with the pairing discarded again at each step.

A further remark concerns localisation error. With tolerance

τ = 0 only an exact hit counts as a match, so the error is

identically zero and conveys nothing; we report it because the

specification asks for it. Raising τ to one snapshot across the

sixteen noisy benchmarks recovers one additional event in one

of them: failure under noise is a matter of missed and spurious

events, not of events reported at slightly wrong times.

V. MEASURED BEHAVIOUR

A. Benchmarks without noise

Table I reports the standard score together with four further

quantities. The perfect scores are the expected outcome rather
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TABLE I
EVENT DETECTION AND ADDITIONAL QUANTITIES ON THE BENCHMARKS

WITHOUT NOISE. MATCHING TOLERANCE τ = 0.

cycle_lifecycle geometric_loop

snapshots / vertices 60 / 24 60 / 24
scheduled events 5 (H0:2, H1:3) 2 (H1:2)
recall / precision 1.000 / 1.000 1.000 / 1.000
localisation error 0 0

bars in barcode 4 3
invisible bars 0 0
censored endpoints 3 4
events from half-integer 3 of 5 2 of 2
ephemeral (start+rest) 23=23+0 165=71+94

than an achievement: the benchmarks were built so that the

correct answer is known in advance, and the algorithm is exact

on them. Their usefulness lies in what happens once noise is

added.

The four further quantities are reported rather than dis-

carded, because each is a property of the construction and

not an incidental detail. An invisible bar contains no snapshot

index in its support: the corresponding class exists only on

intermediate objects, so it is a false positive by construction.

A censored endpoint touches the boundary of the observation

window; the associated events are excluded from the score,

because a censored birth does not assert that a class was born,

only that it already existed when observation began. The count

of events derived from half-integer endpoints indicates how

much of the answer depends on the choice of intermediate

object. An ephemeral bar is born and dies within a single

transition; such bars never appear at any index of the diagram,

and become visible only when the library is given one time

index per elementary operation rather than per index of I .

Their number is reported in two parts, because building the

first complex from the empty complex creates 24 components

and destroys 23 of them, and those 23 reflect the order of

insertion rather than the data. Merging them with the rest

would put the zero point in the wrong place and understate

any growth under noise.

B. Null model

A null model has no schedule and an empty ground-truth

log, so every event the program reports is a false positive.

The appropriate answer is not the assertion that there are

none, but a frequency stated together with the number of

trials and a confidence interval. On Erdős–Rényi graphs at the

edge density of the combinatorial benchmark, with 3 seeds

and 20 realisations each, the program reports at least one

event on 98.3% of snapshots (3540 of 3600; 95% Wilson

interval [20] [0.979, 0.987]) and on 100% of realisations (60 of

60, [0.940, 1.000]), at an average of 12.9 events per snapshot.

We give both denominators because neither is satisfactory

alone: consecutive snapshots share edges and so are not

independent trials, whereas realisations are independent but

few.

Fig. 3. Degradation under edge noise for the combinatorial (cycle) and metric
(loop) benchmarks. Note the logarithmic precision axis.

This is not a defect of the algorithm. A random graph at this

density genuinely has β0 = 4 . . . 5 and β1 = 2 . . . 5 on every

snapshot, and since edges are redrawn independently at every

step, classes really are created and destroyed all the time. The

program reports what is there.

C. Degradation under noise

Fig. 3 shows the response to two mechanisms of edge

noise at four levels. Recall declines slowly, whereas precision

collapses, reaching 0.0017. The way the method fails under

noise is thus by flooding the log with spurious events, not by

misplacing the true ones in time. Seizure detection on long

EEG recordings meets the same asymmetry, and there a stage

of outlier detection placed before a neural classifier trades a

little recall for a large gain in precision [17].

Added edges are an order of magnitude more damaging

than removed ones, which is to be expected: an added edge

creates new cycles, whereas a removed edge usually only

breaks a cycle that already existed. The metric benchmark

keeps recall at unity at every level and loses only precision;

this is a property of that particular benchmark, and a summary

averaged over all sixteen noisy datasets would have concealed

it. At noise level 0.0 the barcode reproduces the clean one

exactly, which is a check that costs nothing and catches several

kinds of wiring error at once.

Taken together with the null model, these measurements say

that in the absence of a significance criterion for zigzag bars,

an event log cannot be trusted on data for which no ground

truth exists.

VI. LIMITATIONS

The barcode depends on a convention. Which intermediate

object is used (Section II-B) changes the barcode, so barcodes

produced under different conventions cannot be compared. We

therefore store the convention inside the result file next to the

bars, rather than leaving it to be inferred from the version of

the code that produced them.

Homology is computed only up to a chosen dimension.
Complexes are built to dimension kmax +1, which makes the

bars in dimension kmax trustworthy. Higher dimensions are not

computed, and their absence from the output is not a statement

about the data. On the metric benchmark the library returns

Authorized licensed use limited to: Kant Baltic Federal Univ. Downloaded on October 23,2026 at 15:25:30 UTC from IEEE Xplore.  Restrictions apply. 



69 bars in H2, which our adapter discards. We know these are

artefacts only because the generator of that benchmark built

its own complexes one dimension higher and recorded β2 = 0
on every snapshot.

There is no significance criterion. Criteria calibrated for

static point clouds do not carry over: the distribution of

pairwise distances differs, and such criteria are not invariant

under reparametrisation of the filtration although the quantity

they compare is exactly the one reparametrisation distorts. We

offer no replacement. Statistical treatments of the separation

between signal and noise in diagrams [21], [22] are one

place to look, and extreme value theory, which identifies rare

events as outliers of a background distribution without labelled

data [16], is another. Section V indicates the level any such

criterion has to beat.

Transfer to dense networks is untested. For resting-state

fMRI and EEG networks of the kind used in studies of

depression and autism [4], [6], the quantities to watch are the

invisible and ephemeral bar counts of Table I. Both are false

positives generated by the intermediate-object construction

itself, and both grow as snapshots become denser.

VII. CONCLUSION

We built a zigzag persistence pipeline for dynamic graphs

and validated it by the criterion ordinarily applied to such

work. On two benchmarks with scheduled events it attains

perfect recall and precision with zero localisation error. Our

argument is that this result, on its own, establishes less than it

appears to. Metrics computed from event logs are blind to

the pairing of births with deaths, and that pairing is what

separates a temporal persistence diagram from a sequence of

Betti numbers: we exhibited two barcodes that differ in the

pairing and produce identical logs. Verification consequently

belongs at the level of the barcode, and it can be carried

out against the definition of the invariant instead of against

a second implementation, since over the two-element field the

generalised rank and its inversion amount to ranks of Boolean

matrices.

On a null model and under noise the same pipeline floods its

output with spurious events, which identifies the next problem

— a significance criterion for zigzag bars. Stability results [23]

and faster algorithms [24], [25] delimit what such a criterion

may assume.
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