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Abstract—Persistent homology is increasingly applied to func-
tional connectomes and other weighted networks, but the step
that actually produces the reported Betti numbers — deciding
which bars of a barcode are features and which are sampling
noise — has no validated default. A widespread convention
declares a bar significant when its persistence exceeds a fixed
fraction of the diameter of the data. We show by measurement
on synthetic objects with analytically known homology that this
convention is not merely poorly tuned but unusable: on a sphere
the longest noise bar in H; reaches 0.123 of the diameter, whereas
on a torus the genuine /> bar reaches only 0.045 at the same
sample size, so the signal and noise ranges overlap and no
single constant can be correct on both objects. We describe a
scale-free replacement based on the largest gap in the sorted
persistence spectrum, calibrated to zero errors on 54 object—
seed—-noise combinations where the diameter rule makes nine,
and, more importantly, we report its residual false-positive rate,
which is 6.0% at n = 200 and 1.5% at n = 400 and does not
vanish with sample size. We also show that random-graph null
models cannot certify the absence of features at any density and
should be read as measuring a false-positive rate rather than
asserting zero.

Index Terms—persistent homology, topological data analysis,
dynamic networks, functional connectome, validation, false pos-
itives

I. INTRODUCTION

Topological data analysis (TDA) has become a standard
addition to the network analyst’s toolbox, and in neuroscience
in particular it is used to describe functional connectomes
through cavities and cycles that classical graph metrics do not
capture [1]-[3]. It thereby joins the broader set of quantitative
methods — graph-theoretic, spectral, statistical and machine-
learning — already applied to brain activity recorded with
fMRI [4], [5], EEG [6], [7], MEG [8] and fNIRS [9], in
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pipelines that are increasingly expected to support decisions
— from clinical diagnostics [10]-[13] to the monitoring of
learning [14] and of skill acquisition [15], as well as the
broader landscape of Al in medical applications [16], which
raises the cost of any unvalidated step. The computational core
of the method is well understood: a filtration of simplicial
complexes is built over a growing scale parameter, and the
birth and death of homology classes is summarized by a
persistence diagram [17]-[19]. Efficient implementations are
available [20], [21], and the diagram is stable under perturba-
tion of the input [22], [23].

What is far less settled is the last step. A persistence diagram
of a noisy sample contains hundreds of bars; converting it into
the Betti numbers that appear in a results table requires a rule
that separates features from sampling noise. This rule is not an
implementation detail. It is where the answer is finally formed,
and an error in it is indistinguishable from an error of the
whole pipeline. Graph analysis of connectomes meets the same
problem in another guise: the topology of thresholded fMRI
functional networks switches between scale-free, random and
small-world regimes as the connection-strength window is
moved [4]. Principled statistical answers exist — confidence
sets obtained by bootstrap [24], distance-to-a-measure and
kernel-based robust inference [25], or vectorizations amenable
to classical statistics [26], but they require a sampling model
and considerable computation, and in practice a much simpler
convention is used: a bar is significant if its persistence exceeds
a fixed fraction of the diameter of the data.

This paper reports what happens when that convention is
tested against objects whose homology is known in advance.
Our contribution is threefold. First, we show that the diameter-
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TABLE I
TEST OBJECTS WITH ANALYTICALLY KNOWN HOMOLOGY OVER Z/2

Object B8 Stresses Measured
Circle S* (1,1,0)  baseline (1,1,0)
Two circles  (2,2,0) Hp: no premature merging 2,2,0)
Figure eight (1,2,0) density drop at the crossing  (1,2,0)
Torus T° (1,2,1)  Ho lives at the small radius ~ (1,2,1)
Sphere 52 (1,0,1) By = 0: false positives (1,0,1)
Klein bottle  (1,2,1) answer depends on the field (1,2,1)
Hopf link (2,2,0)  components pass close by (2,2,0)

normalized rule fails in both directions and that the failure is
structural rather than a matter of tuning. Second, we give a
scale-free replacement and its calibration. Third, and this is the
part usually omitted, we measure the residual false-positive
rate of the replacement and identify its mechanism, so that
users can decide whether it is tolerable for their application.

II. BENCHMARK CONSTRUCTION AND VERIFICATION
PrROTOCOL

The evidence below rests on synthetic objects whose Betti
numbers are known analytically. Three methodological com-
mitments make such a benchmark informative rather than self-
confirming.

Expected values are input, not output. The expected Betti
numbers are fixed in a specification document before any mea-
surement. When a run disagrees, the generator, the sampling
scheme or the decision rule is repaired; the expectation table
is never adjusted. This is the only arrangement under which a
benchmark can falsify anything.

Two independent implementations. Diagrams are computed
by ripser [20], and, in parallel, Betti numbers of the flag
complex at a fixed threshold are computed by an indepen-
dent reference implementation written for this project from
boundary-matrix ranks over Z/2, using no persistence library.
Agreement is required between the two implementations and
the specification. The reference implementation builds all
cliques up to dimension k., + 1, since without 03 the cavities
counted by (3, are systematically overcounted.

Sampling by the correct measure. Points are drawn uni-
formly with respect to area, not with respect to the param-
eters of the embedding: rejection sampling proportional to
(R + rcosp) on the torus, Muller’s method on the sphere.
Naive parameter-uniform sampling looks plausible and silently
biases the density, which is precisely the class of error the
benchmark is meant to exclude.

Table I lists the seven point-cloud objects. They are chosen
so that each stresses the pipeline differently; in particular the
sphere is the control for false positives in Hy, and the torus
is the control for false negatives in Hy. The last column is
measured with the rule of Section IV.

The Hopf link is included as a geometric stress test, not as
a separate topological signature: two linked circles have the
homology of two disjoint ones, since linking is a property of
the embedding rather than of the homotopy type.

torus, H, (expect 2) torus, H, (expect 1) sphere, H; (expect 0)
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Fig. 1. Sorted persistence spectra (dark bars: genuine features). Numbers
between bars are ratios of adjacent persistences; bold marks a ratio above the
accepted threshold 1.55. Dotted line: the noise floor 0.07 - diam. Torus at
N = 900, sphere at N = 400. Left: the largest ratio sits at rank 2, giving
81 = 2. Centre: only one bar survives the floor, and the step into the discarded
bars gives B2 = 1. Right: no ratio reaches the threshold and the rule correctly
returns 51 = 0.

III. THE DIAMETER-NORMALIZED RULE CANNOT WORK

The rule under test declares a bar significant when its
persistence is at least p - diam(X). It is attractive because
it is scale-invariant and needs one constant. Both of its failure
modes appear at p = 0.15 and at the same sample size,
N = 400.

False negatives on anisotropic objects. On the torus with
R = 2.0, r = 0.8, the cavity lives at the scale of the small
radius, while the threshold is normalized by the diameter
2(R+r) = 5.6. The genuine Hy bar measures 0.257 against a
threshold of 0.851 and is discarded. The Klein bottle behaves
the same way.

False positives on compact objects. On the sphere the
diameter is 2.12 and the threshold correspondingly small, 0.32,
while the three longest noise bars in H; measure 0.260, 0.256
and 0.254. They sit immediately below the threshold, and on a
subset of seeds the rule returns (1,1, 1) instead of (1,0,1)—a
loop where none exists.

Lowering p repairs the torus and worsens the sphere; raising
it does the reverse. The two demands are not merely in tension,
they are contradictory, and the decisive numbers are these: the
sphere’s longest noise bar is 0.123 of the diameter, whereas
the torus’s genuine Hy bar is 0.045 of the diameter—roughly
three times shorter than the noise it must be distinguished
from. Signal and noise ranges, expressed in units of diameter,
overlap. No constant p can therefore be correct on both objects
simultaneously, and the failure is not a question of tuning.

The underlying reason is that the diameter of a point cloud
carries no information about the scale at which its homology
lives. For an anisotropic object these two scales differ by a
factor that depends on the object, not on the sampling.

IV. A SPECTRAL-GAP RULE AND ITS CALIBRATION

The property that does separate features from noise is not
the absolute length of a bar but its position in the sorted
spectrum of persistences. A genuine feature is followed by
an abrupt drop; noise descends as an even staircase. Fig. 1
shows the three decisive cases.

Within each homological dimension the rule proceeds as
follows. Persistences are sorted in decreasing order; bars below
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a noise floor of 0.07-diam(X) are set aside as dust; the largest
ratio between adjacent values is located, including the step
Jfrom the last survivor to the first discarded bar; and [y, is
the rank at which this ratio occurs, provided it exceeds 1.55.
Otherwise no features are reported.

The step into the dust is not a technicality. Without it the
rule always returns at least one feature, so the case Sy = 0 is
unreachable and the sphere can never be answered correctly.
The same step resolves the two disjoint circles, where the two
surviving bars measure 1.473 and 1.453—a ratio of 1.01, with
no gap between them—and the only informative gap is the one
below them.

Calibration used 9 cases x 3 seeds X 2 noise levels =
54 combinations. The rule is correct on all 54; the diameter-
normalized rule makes nine errors on the same table. The two
constants were taken from the interior of the region of zero
errors, which extends over a floor of 0.05-0.10 and a gap
threshold of 1.45—1.62, rather than from its edge; the accepted
values are 0.07 and 1.55.

Relation to statistical significance methods

We do not claim that a gap heuristic is preferable to the
statistical machinery cited in the introduction. Bootstrap con-
fidence bands [24] and distance-to-a-measure inference [25]
are better founded, and where a sampling model is available
they should be used. Our claim is narrower and, we think,
more immediately useful: a heuristic of this kind is what is in
fact applied in most reported pipelines, usually implicitly and
without any statement of its error rate, and the two contribu-
tions of this paper are to show that the most common variant of
it is not repairable by tuning, and to attach a measured error
rate to the variant we adopt. In the connectome setting the
choice is additionally constrained, since resampling a subject’s
correlation matrix does not correspond to resampling from a
fixed underlying distribution in any straightforward way.

Two limits of the rule should be stated explicitly. It is scale-
free but not invariant under reparametrization of the filtration:
a monotone map from similarity to distance preserves the
structure of the diagram but distorts persistences, and the
rule compares exactly those. And its constants are calibrated
on point clouds; Section VII explains why they must not be
inherited by connectome data.

V. THE RESIDUAL FALSE-POSITIVE RATE

A benchmark that reports only successes is of limited use.
The rule of Section IV has a non-zero false-positive rate which
does not vanish with sample size, and we measured it on
uniform clouds in R®, where the correct answer is (1,0,0),
over 200 trials per size (Table II).

The mechanism is specific and worth naming. When exactly
one bar survives the noise floor, there is nothing to compare it
against, and the lone survivor is significant by construction.
Increasing n makes this configuration rarer but does not
remove it. Treating such a rate as a primary result rather than
a footnote is routine in event detection on neurophysiological
recordings: in automatic seizure detection, rare events are

TABLE II
FALSE POSITIVES OF THE SPECTRAL-GAP RULE ON UNIFORM CLOUDS IN
R3 (200 TRIALS, CORRECT ANSWER (1,0, 0))

n Errors  Rate  95% upper bound

200 12/200 6.0% 10.2%

400 37200 1.5% 4.3%
TABLE III

FLAG-COMPLEX BETTI NUMBERS OF ERDOS—RENYI GRAPHS G(24,m);
m EDGES, DENSITY p = m/276; FIVE REALIZATIONS PER ROW

clean (1,0,0)

12 0.043 12-14 0-1 0 0/5
24 0.087 4-5 2-5 0 0/5
36 0.130 1-3 8-12 0 0/5
60 0.217 1 13-22 0 0/5
100 0.362 1 3-7 3-6 0/5
180  0.652 1 0 0-2 3/5
220 0.797 1 0 0 5/5

sought against a heavy-tailed background, and the balance
between recall and precision, not accuracy alone, decides
whether a detector is usable [10], [11].

This measurement also carries a methodological lesson
about calibration budgets. On three seeds the rule showed
zero errors at n = 200; by the rule of three, zero out of
three bounds the error rate only at 63%, which is no evidence
at all. The sixty trials that would have been a comfortable
budget for tuning a constant are inadequate for certifying a
rate, and the threshold in our configuration was therefore set
above the upper confidence bound of the measured rate rather
than above an observed zero.

VI. NULL MODELS MEASURE, THEY DO NOT CERTIFY

A common formulation of the control for false positives is
that a null model must exhibit no significant long-lived bars.
Taken literally this is unachievable, and the demonstration is
elementary. Table III gives Betti numbers of the flag complex
of Erd6s—Rényi graphs on n = 24 nodes, computed by the
reference implementation. Graphs are drawn in the uniform
model G(n,m): m edges are chosen without replacement
among the (224) = 276 possible pairs, so that p = m/276
is the resulting edge density. Five realizations are reported per
value of m, as ranges rather than means, because a null model
has no typical value.

Below the connectivity threshold, which for n = 24 sits
at p ~ Ilnn/n = 0.13, that is at m ~ 36, the graph is
fragmented; above it the graph is connected but carries eight
to twenty-two independent cycles; in between, o appears as
well. The answer becomes reliably clean only at p 2> 0.8,
on an almost complete graph that controls nothing. There is
no density window in which the null model is topologically
empty.

The conclusion is not that the null model is badly specified
but that its ground truth is of a different kind. A random
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graph genuinely has cycles; they are not an artifact to be
thresholded away, they are the null distribution against which
everything else is measured. The verifiable ground truth of
such a dataset is therefore that no event schedule exists and
the event log is empty—a statement about the construction—
while the observed Betti numbers are a measurement of the
false-positive rate of whatever detector is applied downstream.

VII. LIMITATIONS AND TRANSFER

The constants of Section IV are calibrated on point clouds
in R? and R* sampled from manifolds. They must not be
inherited by functional connectomes, for two reasons: the
distribution of pairwise distances obtained from a correlation
matrix is different, and, more fundamentally, there is no known
0. against which a cut could be calibrated on real data. There
significance has to be established differently—by permutation
tests and comparison against an ensemble of random graphs—
and the null models discussed above are the natural instrument
for that, precisely in their measuring rather than certifying role.

Two further caveats apply to any benchmark of this kind.
Betti numbers of a noisy sample are recoverable only as per-
sistent features, never as the homology of a fixed complex; and
the Vietoris—Rips complex of a circle is homotopy equivalent
to S', 53,85, ... as the scale grows [27], so a loop that
disappears at large scale may be a regime change rather than
a defect. Neither is a bug, and both are easily mistaken for
one.

Finally, a caution specific to dynamic networks, which is
the setting this benchmark was built for. Ground truth for a
temporal sequence is usually validated by comparing a Betti
curve with a schedule of planned events. A Betti curve is blind
to pairing: if the birth—death pairing in the ground-truth log is
inverted, the curve is unchanged, every consistency test passes,
and the error surfaces only later as an apparent defect of the
zigzag algorithm [28] being validated. Pairing must be verified
algebraically, not through the Betti curve.

VIII. CONCLUSION

The step that converts a barcode into Betti numbers deserves
the same scrutiny as the homology computation itself. We
have shown by measurement on objects with known topology
that the common diameter-normalized significance threshold
cannot be made to work, because on our test set the noise
range and the signal range overlap in units of diameter; that
a spectral-gap rule with an explicit noise floor and a step into
the discarded bars is correct on all 54 calibration combinations
where the former makes nine errors; and that this replacement
nevertheless retains a false-positive rate of 6.0% at n = 200
and 1.5% at n = 400, with an identifiable mechanism. We
regard the last of these as the most useful result: a decision
rule whose error rate is unmeasured is not a validated rule,
and the budgets normally used to tune such constants are an
order of magnitude too small to certify a rate. This matters
most where topological summaries are passed on as features to
classifiers, as graph measures of functional networks already
are [5], [7], [12], [13]: an unmeasured false-positive rate of

the feature extractor then becomes an unmeasured error of the
diagnosis.
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